Harold’s Sets

Cheat Sheet
18 August 2025

Set Definitions

Definition Examples
C=1{2, 4, 5} denotes a set of three
Set A well-defined collection of distinct numbers: 2, 4, and 5
mathematical objects D ={(2, 4), (-1, 5)} denotes a set of
two ordered pairs of numbers
Element Objects, members a,3,(xy)
Ordered pair.
Pair An element with two members. (x,y)
Order matters.
Ordered tuple. a
Tuple A column of three mathematical objects. (a,b,c) or [b]
Order matters. c
Ordered n-tuple. a
3 ] .
n-Tuple Z* is the set of all 3 tuples whose entries 78 = { [b] cabc € Z}
are integers. c
Order matters.
. Set Uppercase_letter = F={neZ:n>A1<n<100}
Set-Builder )
. {number_type [: or ||formula A The set of cubes of the first 100
Notation S
restrictions or conditions} positive integers.
Roster A list of the elements enclosed in curly
. braces with the individual elements A={1,2,3,4,5,6,7,8,9, 10}
Notation
separated by commas

Set-Builder Notation

X >0

’\,\

X is greater than zero

x |
e

all x  suc

=

that

Set-Builder Notation:

2 3

type of number

{xeER|x<20rx>3}

X€ER | x>3

AN

such that  conditions

e

(=00, 2] U (3, +o0)

Number Line:

Interval Notation:
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Number Sets

Definition Set Notation Examples Equations \
) Empty or null set {} ? € {9} 1=2
. {a,b€Z : (p\ab— gcd(n, m)
P Prime numbers 2,3,5,7,11, 13, ... ’
p\aV p\b)} { b=
N {0,1,2,3,4,..}
N | EZ:x2 — =
N, atural numbers {x x>0} (per 150 80000-2 2-7.1) x—3
w Whole numbers {xeZ:x20} {0,1,2,3,..} n>0
Z Integers {x:x=%2N Vv x=0} fer=3,-2, _;' 01,253, x+7=0
Q Rational numbers | {p/q:p,q E€ZA q =0} {0, %, ¥, %, 1} 4x—-1=0
I Irrational numbers {xeR:x ¢ Q} {0, %, %, %, 1} 4x—-1=0
{x€R:x=rootofa
. one-variable 2x% + 4x
7 1
A Algebraic numbers polynomial A {5,-7, %, \/2} o
coefficients € Q}
Transcendental _— _
T numbers xeR:x¢& A, x & Q} {m, e, €™, sin(x), logy, a} T=U-A
{x : x corresponds to a
R Real numbers number on the {m,3.1415,-1, %,v2} | x2—2=0
number line}
{b : bi where
I Imaginary numbers i, vV— 2+1=0
ginary i =v=1) {2i, 1} X
. . . x> —4x+5
C Complex numbers {a, b€ R:a+bi} {1+ 2i,-3.4i, %} —0
{AEM,ANEN:n X |A|=|2 4
M Matrix n . M, |=|A| #0 1 3
n matrix} -9
) Universal set all possible values in a particular context

Complex

I

Imaginary

pcPcNcZcQcAcRcCcU

Copyright © 2021-2025 by Harold Toomey, WyzAnt Tutor



https://cdn.standards.iteh.ai/samples/64973/c49664e1b9364d1d811246de9d1db4aa/ISO-80000-2-2019.pdf#page=10

Special Number Sets

Definition Set Notation Examples \ T TE
*
E Non-zero naturals {xeN:x>0} {1,2,3,..} n=1
1
7* {..,-3,-2,-1,1,2,3
Non-zero integers XEZ:x#0 LT o nz0
7+ Positive integers {XxE€Z:x>0} {1,2,3,...} n>0
{0} Zero integer {Xx€Z:x=0} {0} n=0
7 Negative integers {XxE€Z:x<0} {...,-3,-2,-1} n<o0
N N°i':1't';egi":§“’e XEZ:x20} 0,1,2,3,..} n>0
_ Non-positive
oy <& -3 -9 - >
Z- U {0} integers {XxEZ:x<0} {...,-3,-2,-1,0} n=0
{0}, R* Zero real {xeR:x=0} {0.0} x=0
R* I
R - {0} N°:;:;:rrfa XER :x#0} {-0.001, 0.002} X #0
R\ {0}
R .

(OROO) P‘:]Sl:tr:’k?e':a' XER: x>0} {0.0001, 0.0002, ...} x>0
(_ff 0 Ne::::‘k')ee::a' xER:x<0} {..., -0.0002, ~0.0001} x<0
[0, o) N°"':§ia;;‘: real X€ER :x20} {0, 0.0001, 0.0002, ...} x>0
Non-positive real ..., —0.0002, -0.0001,

(=00, 0] npumbers {xeR:x<0} { 0} x<0

Transcendental
Numbers

bLd

Complex Numbers

Algebraic Numbers

Rational Numbers

Pure Imaginary Numbers

Whole Numbers

Counting
Numbers
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Set Laws

Law Union Example \ Intersection Example
Idempotent Laws AUA=A ANA=A
Associative Laws (AUB)UC=AU(BUCQ) (ANB)NC=AN(BNC)
Commutative Laws AUB=BUA ANB=BNA
Distributive Laws AUBNC=AUBNAUC) |ANBUC)=(ANB)U(ANC)
Identity Laws AUD=A ANU=A
Domination Laws AUU=U ANQP=0
Double Complement Law (A°)=A
Complement Laws AUA=U ANA=0
Complements of U and @ Uc=0 P<=U
De Morgan’s Laws (AUB)=A°NB* (AN B)F=A°UB*
Absorption Laws AUANB)=A AN(AUB)=A
. A\B=AN B
Set Difference Law A-B=AMN B
Set Properties
Property Description Examples
Objects may be of various types.
Composition A set may contain elements of different A = {2, strawberry, monkey}
varieties.
Order The order in which.the elements are listed is A={10,6,4, 2}
unimportant
Duplicates Repeating an element does not change theset | A={2,2,4,6,10}
Typically, capital letters will be used as variables
Notation denoting sets, and lowercase letters will be used | A = {a, b}
for elements in the set
Range Every set A PSACU
Empty Set Set with no members. @ is a subset of every set.
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Set Notation

Definition Examples
{{ }} Denotes a set A={a, e i, 0, u}
| . B={x|x€Nandx<5}
‘Such that’ or ‘f hich’
: uchthat-or forwhic B={x:x€éENandx<5}
= . . .
_ Is equivalent or identical to (CNE)=(xeC A x€E)
|A| The cardinality of A, the number of if A={(1,2), (3,4), (56)},
n(4) elements in set A then |A] =3
If and only if they have precisely the same if A=1{4,9}and B = {n%: n=2 or n=3},
A=B .
elements. A is equal to b. thenA=B
If and only if every element of A is also an
c c
ACB element of B. A is a subset of B. {1,8,1107} =N
Ais not a subset of B.
AZB -1,-8,-1107} ¢ N
¢ A is not contained in B. { re
Ai bset of B.
AcCB , 'S @ proper subset o {1,8,1107} c N
Ais a subset of B that is not equal to B.
A is not a proper subset of B.
A¢B 15 NOt @ proper subs {1,-8,-1107} & N
A is not contained in B.
B3 A If and only if every element of Ais in B. {18 1107} N
B is a superset of A.
a€EA
AEB A'is a member of, an element of, or in A e
aEA
agA A is not a member of 2, is not an element of 314¢7
ANB The set contains elements that are in both A fA={12}and B ={2 3}
ANB and B.
. . . then AN B={2}
ANB ANB is the intersection of A and B.
Th i [ h in eith
AUB e set contains elements that are in either ifA={1 2}andB={2,3}
AUB A or B or both. then AU B =112, 3)
AUB AUB is the union of A and B. € i
Set difference. The set contains elements .
':\ g that are in A but not in B. if A —tﬁll 2'}Aanc; ? {_1{}2’ 3}
A\B is “A drop B”. A-B is “A difference B”. enA\B=
The symmetric difference is the set of
A®B elements that are a member of exactly one A®B=(A-B)U (B-A)
of A and B, but not both
A and B are disjoint sets.
ANB=0 o) ANB=0
No elements in common.
AK Cartesian product of a set A with itself A*=AxAx..xA ktimes
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Logical Form of Set Notation

Set . o
. Logical Statement Description
Notation
XEA
A
Vx fx € A} Is an element of
XEA
-A
Vx {x & A} Is not an element of
Equal
A=B Ae—B Eqﬁilalence
Ao VX [(XEA— xEB) A (xEB— x € A)] If?
- ACSBABCA ”
A%B VX (XEA A X &B) Not equal
AB X (x X ot equa
Vx (x EA— x €EB)
ACB VX € A (x € B) j”:sBet_‘j_)ACB
x&A\B 3 -
AZB Ax(xEA A x€&B) Not a subset of
ANB Vx(XEA A xEB) Intersection
AUB Vx (x EA V x €B) Union
Difference
A\B v EA AN B
\ x (x X & B) But Not
A®B Vx{xEA-BVXEB-A} Exactly one
A—B Vx(x&A V x €B) If - Then
-Ix (X EA A X EB)
ANB=0 Vx-(xEA A X EB) A and B are disjoint, having no
VX(x&A V x€&B) elements in common
Vx (x EA— x €&B)
F {Aliel} Family of sets
{x| VAEF (x€A)} . .
ENF
XEN | VA(AEF — x € A)} Intersection of family of sets
{x| IAEF (x€A)} . .
e UF
xeu x| JAAEF AxEA) Union of a family of sets
nFE NierAi={x | Vi€l (x € A)} Intersection of an indexed family of
NietAisAINANAN AN ... sets
UielAi={x| i€l (x € A)}
UF UieltA={xe€l|TielA(,x)} Union of an indexed family of sets
NietAi=AUAUA;UAU ...
Power Set
X E p(A) XS A All subsets of set A, including @
Vy(lyEx—yEA) PA) =24 ¢
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Logical Form of Numbers

Definition Logical Statement Description
Ak € Z (x = 2k)
Even SetE={2k: ke Z} e Definition of Even
27

0dd ot e e Definition of Odd
e A positive integer p > 1 that has no

Prime Va,b€eZ' | (p\ab— p\a V p\b) ?Zs;z\filzzﬁfir;rli\;szrs other than
e Here \ means ”is a divisor of”

Not Prime Ja,beZ (ab=nAa<nAb<n) ° aa.md b are factors of n, so not
prime
e Divisibility
e Divides
Divides x|y Ik EZ(y=kx) ° DIV‘IC|.ES into
e xdividesy evenly
e x| ytomean “xdividesy,”
e x}tymeans “x does not divide y”
e Definition of a Rational number
Rational re Rax,ye€Z((yz0)A(r=x/y)) =r€eQ | e Afraction composed of two
integers, but no division by 0
Irrational Vx| xERAXEQ e Definition of Irrational number

Logical Form of Geometry

Definition

Logical Statement

Description

e | GERmlemen |7 leendniaeseoe
={(0,b), (1, m+b), (2,2m +b), ... ’
{(0,b), (1,m +b), (2, 2m +b), .} RCR
RxR={(xy) | xandy are real Thfese ére the coordinates of all the
Plane numbers} points in the plane
RZ=RxR
R®={(x,y, ) | x,yand z are real These are the coordinates of all the
3D Space Wy, numBer} points in 3D space
RE=RxRxR
These are the coordinates of all the
4 _
Spacetime R={y 2 2u|n:([32'r§}and tare real points in 3D space and 1D time
R*=RxRxRxR
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Logical Form of Functions

De::'t' Logical Statement Description
fix—>y e General f
Function vxeX3AlyeY((x)) €D e fisarelation frrom Ato B
f={(a,b) EAxB | b=f(a)} e Example:f={(x,y)ERxR |y=x%
Domain Dor)r(l(f) e Domainof f
Ran(f) e Range € co-domain
Range {f(a)|a€A} e Co-domain
Y e Image of f (linear algebra term)
f=Vy€eY {3 atmostone x€ Xsuchthat | ® One-to-one
fx) =y} e Injective f
Injection -Jai€AJa; €A (f(a1)) = f(az) ANai#az) | e Foranyy thereisat mostone x
Vaj,az€ A | (f(a) = f(az) @ a1 = a2) e Passes the horizontal line test
f(x) =f(y) & x=y e Can have orphany’s
f(x) # fy) & x#y e e.g. yiseither married or single
e Onto
f=Vy€eY{3atleastone x€ Xsuchthat | ® Surjective f
Surjection (x) =y} e Everyyis mapped to by at least one x
VyeY,AxeX | (f{x) =y) e Noorphany’s
Ran(f) =Y e Entire range of y is covered
e e.g. yisdating at least one x
e Bijective = surjective and injective
e One-to-one correspondence
f=iff Yy€Y {3 aunique x€ Xsuchthat | ® Bijective f
N fx) =y} e Invertible f
Bijection e [ff has a well-defined inverse (f?)
fN=yef o)=Y e [ff both surjective and injective
e One-to-one and onto
e e.g., Everyone is married to a spouse
1:B— A
I 1
Inverse VbEB akélg?)g )(ib;(a) €1 e Inverse f
f_l ° f: iAandf ° f_l = iB
Let X and Y be finite sets. The function
k-to-1 . .
Correspon f:X—Yis a k-to-1 correspondenc? if, for e Bijectionisk=1
every y €Y, there are exactly k different x €
dence
X such that f(x) = y.

A A A A

| N o __yoO | N o__

P T ° P T ° P T ° o

. —30 ° >0 . —go o

o— o0 ° 0 o— o0 o

e— o ) e o

NOT a General Injective Surjective Bijective
Function Function (not surjective) (not injective)  (injective, surjective)
A has meny B B con have mamy A B oan't have memy A Every B fas some A A to B, perfoctly
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Cartesian Product

Set
Notation

Logical Statement Description

e (Cartesian product

AxB

AxB {(a,b) | aEAADEB} * (S:r‘t’ssfpﬁ’d“d“ A oairs in which th
AXB {a,b) | a€A beB} o ‘eoa orgre pairs in which the
AXB first entry is in A and the second entry

isin B

Properties of Cartesian Products

Logical Statement Operator Mnemonic

o Ax(BUC)=(AxB)N(AxC) e xM
Distributive Ax(BUQ=(AxB)U(AxCQ) . <U
. (AxB)N(CxD)=(ANC)x(BND) o x[x
Commutative (AxB)U(CxD) S (AUC)x(BUD) . xUx
o AxQP=0
Domination OxA=0p o x0

Relations
. Equivalence Partial Order Total Order
Property .
(=) (Poset) (Linear)
Reflexive v v v
Symmetric 4 4
Anti-Symmetric v 4
Asymmetric
Transitive v v v v
Total v
Density
Binary Relation v
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Set Relations (xRy)

Set . o
. Logical Statement Description
Notation
RCAxB
Vx (X ER— x EAxB)
Relation R=1@ k:()RE _A(:(( B )l éol:dltlons} Relation from A to B
y=wy R is a subset of the cross product
Example: Dr={(x,y) ERxR | xandy
differ by less thanr} = |x-y]| <r}
Dom(R) The domain of R is the set containing
Domain {faeA|3IbeB((a b) ER)} all the first coordinates of its ordered
Dom(A) € A pairs
X —> 2x+1
All possible values in the range set
Codomain $En(R) |s? SUbS-ET of the Targlet f
(Target) e s.et of possible output values of a
function
The definition of a function
The range of R is the set containing all
the second coordinates of its ordered
Ran(R) .
Range pairs
{beB|Ja€A((a b) ER)}
(Image) The actual or most accurate output
Ran(B) € B ;
values of a function
The image of a function
Inverse {ly,x) EYxX| (x,y) €ER} The inverse of R is the relation R™
(RY) (y,x) ERTe> (x,y) ER from B to A with the order of the
(x,y) ER?*— (x,y) ER coordinates of each pair reversed
SeR=(a,c)€S°R—3b](a b) ER The composition of S and R is the
and (b, ¢) €5 relation S RfromAto C
Composition | {(a,c)eAxC|3Ib€EB((a, b)ERand (b, .
(S o R) o) € S)} aRb and bSc, meaning R:a — R:b —
aRb and bSc ;b — S:c,tso (R:a, S:c)
{(3, c) € AxC | 3b €B (aRb A bSc)} INg operator
Identity {x,y) EAxA|x=y} . .
(in) i %) | x € A} Identity relation
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Order Properties of Binary Relations with Two Sets

Property

Reflexive

Logical Statement

XRx
(x,x) ER
Vx € A (xRx)
Vx € A ((x, x) ER)

Description

L] iA CR
where ia is the identity relation of
set Aoria={(x, x) | x € A}

e Directed graph: Loop

9

Anti-Reflexive

- (xRx)
Vx € A - (xRx)

e Directed graph: No loops

Symmetric

XRy — yRx
Vx € AVy € A (xRy — yRx)

e R=R?
e Directed graph: 2-way arrow
(edges come in pairs) or no arrows

Anti-Symmetric

(xRy A yRx) — (x =)
(x #y) — - (xRy) V = (yRx)
Vx E AVyY € A ((xRy AyRx) — (x=y))

e Equivalence

e Directed graph: An arrow from x
to y implies that there is no arrow
fromy tox

No: O

XRy — = (yRx)

e Fails the vertical line test, so not a

ia={(x,x) | x € A}

Asymmetric f ion, f
¥ VX EAVy €A VzEA (XRy — — (yRX)) proper function, f(x)
e Directed graph: 1-way arrow
e R°RCR
e SimilartoS°R
e Directed graph: Two routes from
(xRy A yRz) — xRz every vertex A to every vertex B,
Transitive Vx Vy Vz ((xRy A yRz) — xRz) 1-hop and 2-hops
Vx EAVy€EAVzE A/ ((XRy A yRz) — xRz) b
a c
XRy V yRx .
Total -
Vx € AVy € A (xRy V yRx) * FEither-or
. xRy — 3z | xRz A zRy . )
Densit -
y VX € A Vy (xRy) — 37 | xRz A ZRy e A middle-man exists
Binary R e R = Relation on set A e Relation on set <set>
R o R = Relation on set C e Binary relation on set <set>
. ia={(x,y) EAxA|x= L. . .
Identity a={boy) | v} e Similar to a diagonal matrix
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Mathematical Number Sets 2 Computer Science Data Types

Symbol Definition
empty set,
set with no members

C Data Type

void

C++ Data Type

N natural numbers

enum
unsigned

unsigned char
unsigned short
unsigned int
unsigned long
unsigned long long

Z integers

char
short

int

long
long long

Q rational numbers

NA

std::ratio<1, 10>

R real numbers

float
double
long double

I imaginary numbers

(see complex below)

double complex z1; im =
cimag(z1);

(see complex below)

std::complex <double> z1;
im = std::imag(z1);

C complex numbers

#tinclude <complex.h>
float complex

double complex

long double complex

#include <complex>
std::complex<float>
std::complex<double>
std::complex<long double>

Sources:

e SNHU MAT 470 - Real Analysis, The Real Numbers and Real Analysis, Ethan D. Bloch, Springer

New York, 2011.

e See also “Harold’s Logic Cheat Sheet”.

e https://www.storyofmathematics.com/set-notation

e https://math24.net/set-identities.html
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