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Harold’s Trig Proofs 
Cheat Sheet 
15 March 2023 

 
 

After proving only three (3) trig formulas, we can easily derive ALL the trig formulas! 

1. Pythagorean Identity 

2. Sum and difference formula for sine 

3. Sum and difference formula for cosine 

 

Proof of Pythagorean Identities 
Proof  

 
 
 
      Given 

Pythagorean Theorem 

𝑥2 + 𝑦2 = 𝑟2 

𝑟 = 1 

sin 𝜃 =
𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒

ℎ𝑦𝑝𝑜𝑡𝑒𝑛𝑢𝑠𝑒
=

𝑦

𝑟
=

𝑦

1
= 𝑦 

cos 𝜃 =
𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡

ℎ𝑦𝑝𝑜𝑡𝑒𝑛𝑢𝑠𝑒
=

𝑥

𝑟
=

𝑥

1
= 𝑥 

      Substitute and Simplify sin2 𝜃 + cos2 𝜃 = 12 

      Formula 𝐬𝐢𝐧𝟐 𝜽 + 𝐜𝐨𝐬𝟐 𝜽 = 𝟏    [𝟏] 

 
Proof 

 

      Given sin2 𝜃 + cos2 𝜃 = 1    [1] 

      Divide by cos2 𝜃, then Simplify 
sin2 𝜃

cos2 𝜃
+

cos2 𝜃

cos2 𝜃
=

1

cos2 𝜃
 

      Formula 𝐭𝐚𝐧𝟐 𝜽 + 𝟏 = 𝐬𝐞𝐜𝟐 𝜽    [𝟐] 

 
Proof 

 

      Given sin2 𝜃 + cos2 𝜃 = 1    [1] 

      Divide by sin2 𝜃, then Simplify 
sin2 𝜃

sin2 𝜃
+

cos2 𝜃

sin2 𝜃
=

1

sin2 𝜃
 

      Formula 𝟏 + 𝐜𝐨𝐭𝟐 𝜽 = 𝐜𝐬𝐜𝟐 𝜽    [𝟑] 
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Proof of Sum and Difference Formulas 

Trig Sum and Difference Formulas 
𝐬𝐢𝐧(𝜶 ± 𝜷) = 𝐬𝐢𝐧 𝜶 𝐜𝐨𝐬 𝜷 ± 𝐜𝐨𝐬 𝜶 𝐬𝐢𝐧 𝜷 

𝐜𝐨𝐬(𝜶 ± 𝜷) = 𝐜𝐨𝐬 𝜶 𝐜𝐨𝐬 𝜷 ∓ 𝐬𝐢𝐧 𝜶 𝐬𝐢𝐧 𝜷 

Proof Diagram 

  

 

Proof of sin(𝜶 ± 𝜷)  

Prove Sum  

      Given sin(𝛼 + 𝛽) =
𝐸𝐷

𝐷𝐴
=

𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒

ℎ𝑦𝑝𝑜𝑡𝑒𝑛𝑢𝑠𝑒
 

      Alternate interior angles are congruent 𝛼 = ∠𝐶𝐴𝐵 = ∠𝐻𝐹𝐴 = ∠𝐻𝐷𝐹 

      Tallest vertical line 𝐸𝐷 = 𝐺𝐹 + 𝐻𝐷 

      Substitute, then divide and multiply 
      by AF & FD sin(𝛼 + 𝛽) =

𝐸𝐷

𝐴𝐷
=

𝐺𝐹

𝐴𝐷
+

𝐻𝐷

𝐴𝐷
=

𝐺𝐹

𝐴𝐹
 
𝐴𝐹

𝐴𝐷
+

𝐻𝐷

𝐹𝐷
 
𝐹𝐷

𝐴𝐷
 

      Convert back to trig formulas sin(𝛼 + 𝛽) = sin 𝛼 cos 𝛽 + cos 𝛼 sin 𝛽    [4] 

Prove Difference  

      Replace +𝛽 with −𝛽 
cos(−𝛽) = cos(𝛽) 

sin(−𝛽) = − sin(𝛽) 

      Simplify sin(𝛼 − 𝛽) = sin 𝛼 cos 𝛽 − cos 𝛼 sin 𝛽    [5] 

      General Formula [4+5]  𝐬𝐢𝐧(𝜶 ± 𝜷) = 𝐬𝐢𝐧 𝜶 𝐜𝐨𝐬 𝜷 ± 𝐜𝐨𝐬 𝜶 𝐬𝐢𝐧 𝜷    [𝟔] 
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Proof of 𝒄𝒐𝒔(𝜶 ± 𝜷)  

Prove Sum  

      Given cos(𝛼 + 𝛽) =
𝐴𝐸

𝐴𝐷
=

𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡

ℎ𝑦𝑝𝑜𝑡𝑒𝑛𝑢𝑠𝑒
 

      Longest horizontal line 𝐸𝐴 = 𝐺𝐴 − 𝐹𝐻 

      Substitute, then divide and multiply 
      by AF & DF cos(𝛼 + 𝛽) =

𝐸𝐴

𝐴𝐷
=

𝐺𝐴

𝐴𝐷
−

𝐹𝐻

𝐴𝐷
=

𝐺𝐴

𝐴𝐹
 
𝐴𝐹

𝐴𝐷
+

𝐹𝐻

𝐷𝐹
 
𝐷𝐹

𝐴𝐷
 

      Convert back to trig formulas cos(𝛼 + 𝛽) = cos 𝛼 cos 𝛽 − sin 𝛼 sin 𝛽     [7] 

Prove Difference  

      Replace +𝛽 with −𝛽 
cos(−𝛽) = cos(𝛽) 

sin(−𝛽) = − sin(𝛽) 

      Simplify cos(𝛼 − 𝛽) = cos 𝛼 cos 𝛽 + sin 𝛼 sin 𝛽     [8] 

      General Formula [7+8] 𝐜𝐨𝐬(𝜶 ± 𝜷) = 𝐜𝐨𝐬 𝜶 𝐜𝐨𝐬 𝜷 ∓ 𝐬𝐢𝐧 𝜶 𝐬𝐢𝐧 𝜷    [𝟗] 

 

Proof of 𝒕𝒂𝒏(𝜶 ± 𝜷)  

Prove Sum and Difference 

      Given tan(𝛼 ± 𝛽) =
sin(𝛼 ± 𝛽)

cos(𝛼 ± 𝛽)
 

      Substitute 
 sin(𝛼 ± 𝛽) = sin 𝛼 cos 𝛽 ± cos 𝛼 sin 𝛽     [6] 

cos(𝛼 ± 𝛽) = cos 𝛼 cos 𝛽 ∓ sin 𝛼 sin 𝛽     [9] 

      Divide by (cos 𝛼 cos 𝛽), then Simplify tan(𝛼 ± 𝛽) =
sin 𝛼 cos 𝛽 ± cos 𝛼 sin 𝛽

cos 𝛼 cos 𝛽 ∓ sin 𝛼 sin 𝛽
 

      General Formula 𝐭𝐚𝐧(𝜶 ± 𝜷) =
𝐭𝐚𝐧 𝜶 ± 𝐭𝐚𝐧 𝜷

𝟏 ∓  𝐭𝐚𝐧 𝜶 𝐭𝐚𝐧 𝜷
    [𝟏𝟎] 
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Proof of Double Angle Formulas (2θ) 
 
Proof 

 

      Given sin(𝛼 + 𝛽) = sin 𝛼 cos 𝛽 + cos 𝛼 sin 𝛽     [4] 

      Substitute 𝜃 = 𝛼 = 𝛽 

      Simplify sin(𝜃 + 𝜃) = sin 𝜃 cos 𝜃 + cos 𝜃 sin 𝜃 

      Formula 𝐬𝐢𝐧(𝟐𝜽) = 𝟐 𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽    [𝟏𝟒] 

 
Proof 

 

      Given cos(𝛼 + 𝛽) = cos 𝛼 cos 𝛽 − sin 𝛼 sin 𝛽     [7] 

      Substitute 𝜃 = 𝛼 = 𝛽 

      Simplify cos(𝜃 + 𝜃) = cos 𝜃 cos 𝜃 − sin 𝜃 sin 𝜃 

      Formula 𝐜𝐨𝐬(𝟐𝜽) = 𝐜𝐨𝐬𝟐 𝜽 − 𝐬𝐢𝐧𝟐 𝜽    [𝟏𝟓] 

 
Proof 

 

      Given 
cos(2𝜃) = cos2 𝜃 − sin2 𝜃    [15] 

sin2 𝜃 + cos2 𝜃 = 1    [1] 

      Substitute sin2 𝜃 = 1 − cos2 𝜃 

      Simplify cos(2𝜃) = cos2 𝜃 − (1 − cos2 𝜃) 

      Formula 𝐜𝐨𝐬(𝟐𝜽) = 𝟐 𝐜𝐨𝐬𝟐 𝜽 − 𝟏    [𝟏𝟔] 

 
Proof 

 

      Given 
cos(2𝜃) = cos2 𝜃 − sin2 𝜃    [15] 

sin2 𝜃 + cos2 𝜃 = 1    [1] 

      Substitute cos2 𝜃 = 1 − sin2 𝜃 

      Simplify cos(2𝜃) = (1 − sin2 𝜃) − sin2 𝜃 

      Formula 𝐜𝐨𝐬(𝟐𝜽) = 𝟏 − 𝟐 𝐬𝐢𝐧𝟐 𝜽    [𝟏𝟕] 

 
Proof 

 

      Given tan(2𝜃) =
sin(2𝜃)

cos(2𝜃)
 

      Substitute 
sin(2𝜃) = 2 sin 𝜃 cos 𝜃    [14] 

cos(2𝜃) = cos2 𝜃 − sin2 𝜃    [15] 

      Divide by cos2 𝜃 tan(2𝜃) =
 2 sin 𝜃 cos 𝜃

cos2 𝜃 − sin2 𝜃
 

      Simplify tan(2𝜃) =
 (

2 sin 𝜃 cos 𝜃
cos2 𝜃

)

(
cos2 𝜃 − sin2 𝜃

cos2 𝜃
)
 

      Formula 𝐭𝐚𝐧(𝟐𝜽) =
𝟐 𝐭𝐚𝐧 𝜽

𝟏 − 𝐭𝐚𝐧𝟐 𝜽
    [𝟏𝟖] 
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Proof of Half Angle Formulas (θ/2) 
 
Proof 

 

      Given cos(2𝜃) = 1 − 2 sin2 𝜃     [17] 

      Solve for sin2 𝜃 sin2 𝜃 =
1 − cos(2𝜃)

2
    [19𝑎] 

      Substitute 𝜃 =
𝜃

2
 

      Solve sin2 (
𝜃

2
) =

1 − cos(𝜃)

2
 

      Formula 𝐬𝐢𝐧 (
𝜽

𝟐
) = ±√

𝟏 − 𝐜𝐨𝐬(𝜽)

𝟐
    [𝟏𝟗𝒃] 

 
Proof 

 

      Given cos(2𝜃) = 2 cos2 𝜃 − 1    [16] 

      Solve for cos2 𝜃 cos2 𝜃 =
1 + cos(2𝜃)

2
    [20𝑎] 

      Substitute 𝜃 =
𝜃

2
 

      Solve cos2 (
𝜃

2
) =

1 + cos(𝜃)

2
 

      Formula 𝐜𝐨𝐬 (
𝜽

𝟐
) = ±√

𝟏 + 𝐜𝐨𝐬(𝜽)

𝟐
    [𝟐𝟎𝒃] 

 
Proof 

 

      Given tan2 𝜃 =
sin2 𝜃

cos2 𝜃
 

      Substitute 
sin2 𝜃 =

1 − cos(2𝜃)

2
    [19𝑎] 

cos2 𝜃 =
1 + cos(2𝜃)

2
    [20𝑎] 

      Simplify tan2 𝜃 =
(

1 − cos(2𝜃)
2

)

(
1 + cos(2𝜃)

2
)

=
1 − cos(2𝜃)

1 + cos(2𝜃)
 

      Substitute 𝜃 =
𝜃

2
 

      Solve tan2 (
𝜃

2
) =

1 − cos(𝜃)

1 + cos(𝜃)
    [21𝑎] 

      Formula 𝐭𝐚𝐧 (
𝜽

𝟐
) = ±√

𝟏 − 𝐜𝐨𝐬(𝜽)

𝟏 + 𝐜𝐨𝐬(𝜽)
    [𝟐𝟏𝒃] 
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Proof of Cofunction Formulas 
 
Proof 

 

      Given sin(𝛼 − 𝛽) = sin 𝛼 cos 𝛽 − cos 𝛼 sin 𝛽     [5] 

      Substitute 𝛼 =
𝜋

2
, 𝛽 = 𝜃 

      Simplify sin (
𝜋

2
− 𝜃) = sin (

𝜋

2
) cos 𝜃 + cos (

𝜋

2
) sin 𝜃 

      Formula 𝐬𝐢𝐧 (
𝝅

𝟐
− 𝜽) = 𝐜𝐨𝐬 𝜽    [𝟐𝟐] 

 
Proof 

 

      Given cos(𝛼 − 𝛽) = cos 𝛼 cos 𝛽 + sin 𝛼 sin 𝛽     [8] 

      Substitute 𝛼 =
𝜋

2
, 𝛽 = 𝜃 

      Simplify cos (
𝜋

2
− 𝜃) = cos (

𝜋

2
) cos 𝜃 − sin (

𝜋

2
) sin 𝜃 

      Formula 𝐜𝐨𝐬 (
𝝅

𝟐
− 𝜽) = 𝐬𝐢𝐧 𝜽    [𝟐𝟑] 

 
Proof 

 

      Given tan(𝜃) =
sin(𝜃)

cos(𝜃)
 

      Substitute 
sin (

𝜋

2
− 𝜃) = cos 𝜃     [22] 

cos (
𝜋

2
− 𝜃) = sin 𝜃    [23] 

      Simplify tan (
𝜋

2
− 𝜃) =

sin (
𝜋
2

− 𝜃)

cos (
𝜋
2

− 𝜃)
=

cos 𝜃

sin 𝜃
= cot 𝜃 

      Formula 𝐭𝐚𝐧 (
𝝅

𝟐
− 𝜽) = 𝐜𝐨𝐭 𝜽      [𝟐𝟒] 

 
Proof 

 

      Given sec(𝜃) =
1

cos(𝜃)
 

      Substitute cos (
𝜋

2
− 𝜃) = sin 𝜃    [23] 

      Simplify sec (
𝜋

2
− 𝜃) =

1

cos (
𝜋
2

− 𝜃)
=

1

sin(𝜃)
= csc 𝜃 

      Formula 𝐬𝐞𝐜 (
𝝅

𝟐
− 𝜽) = 𝐜𝐬𝐜 𝜽    [𝟐𝟓] 

 
Proof 
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      Given csc(𝜃) =
1

sin(𝜃)
 

      Substitute sin (
𝜋

2
− 𝜃) = cos 𝜃    [22] 

      Simplify csc (
𝜋

2
− 𝜃) =

1

sin (
𝜋
2

− 𝜃)
=

1

cos(𝜃)
= sec 𝜃 

      Formula 𝐜𝐬𝐜 (
𝝅

𝟐
− 𝜽) = 𝐬𝐞𝐜 𝜽    [𝟐𝟔] 

 
Proof 

 

      Given cot(𝜃) =
1

tan(𝜃)
 

      Substitute tan (
𝜋

2
− 𝜃) = cot 𝜃       [24] 

      Simplify cot (
𝜋

2
− 𝜃) =

1

tan (
𝜋
2

− 𝜃)
=

1

cot(𝜃)
= tan 𝜃 

      Formula 𝐜𝐨𝐭 (
𝝅

𝟐
− 𝜽) = 𝐭𝐚𝐧 𝜽      [𝟐𝟕] 

 

 


