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Symbol Definition Examples Equations Solution
empty set, _
@ set with no members % 1=2 null
N;:={1, 2,3, ..} Pre-2010 NA
N natural numbers
No={0,1,2,3,..} See I1SO 80000-2 2-6.1
P prime numbers {2,3,5,7,11,13, ...} unofficial NA
Z integers {..,-2,-1,0,1,2,..} x+7=0 x=-7
Q rational numbers {0, %, %5, %, 1} 4x—1=0 x=1
A algebraic numbers {5,-7, %, 2} 2x% +4x —7 =0 | xis algebraic
transcendental _— _
T numbers {m, e, €™, sin(x), log, a} T=U-A NA
R real numbers {3.1415, -1, %, V2, } x2—2=0 x=+V2
I imaginary numbers {2i,V/—1} x2+1=0 x= i_l_fl
x = +i
C complex numbers {1 +2i,-3.4i, %} x> —4x+5=0 x=2+i
U universal set {all possible values} 00 NA

Transcen-

dental

Derived Number Sets
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Definition Equations Examples

Integers Z
{0} zero n=0 {0}
Z*
Z - {0} non-zero integers n#0 {-3,-2,-1,1, 2,3, ..}
Z\ {0}
Z+ positive integers n>0 {1,2,3,..}
N U {0} non-negative integers n>0 {0,1,2,3,..}
Z- negative integers n<0 {..,-3,-2,-1}
Z- U {0} non-positive integers n<0 {..,-3,-2,-1, 0}
Real Numbers R
{0} zero x=0 {0.0}
R - {0} non-zero real numbers xz0 {-0.001, 0.001}
R\ {0} T
R+
(0, o) positive real numbers x>0 {0.0001, 0.0002, ...}
R+ U {0
0 Uoj) ) non-negative real numbers x=0 {0, 0.0001, 0.0002, ...}
(_5_0) negative real numbers x<0 {..., -0.0002, -0.0001}
]R({OCL)J ({)(])} non-positive real numbers x<0 {...,-0.0002, -0.0001, 0}
Natu ral, N Start with the counting numbers (zero may be included).
® e ® e [
0 1 2 3
Integer, Z Extend the line backward to include the negatives.
« e L e L e L 3 >
=3 =2 e | 0 1 2 3
Rational, Q Insert all the fractions.
-23/4 -1l =1 1/, 11/5 23/,
dqe o @ o o o @ o o o @ o o o @ o o o @ o o o P o o o @ o P
-3 -2 -1 0 1 2 3
Real Algebraic, A, Insert all the roots.
-5 =2 -1, 5 V2 V5
L EEREY PREEEIEEY DREIE IR DREIEFIEEEY DRI EY DRIE I EY DR IE I RY DRI
-3 -2 -1 0 1 2 3
Real, R Fill in all the numbers to make a continuous line.
-n -e -2 -1/2 1/2 V2 e =
qe-e: @000 @000 : Qo o0 :Q@ro0r0:0:Pro:0:0:QPro o0 :QPro-ohP
-3 -2 -1 0 1 2 3
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Definitions

Term Definition

A precise and unambiguous description of the meaning of a mathematical term. It
Definition characterizes the meaning of a word by giving all the properties and only those
properties that must be true.

A mathematical statement that is proved using rigorous mathematical reasoning.
Theorem In a mathematical paper, the term theorem is often reserved for the most
important results.

A minor result whose sole purpose is to help in proving a theorem. It is a
steppingstone on the path to proving a theorem. Very occasionally lemmas can

Lemma . . .

take on a life of their own (Zorn’s lemma, Urysohn’s lemma, Burnside’s

lemma, Sperner’s lemma).

A result in which the (usually short) proof relies heavily on a given theorem (we
Corollary ( y )P 4 & (

often say that “this is a corollary of Theorem A”).

Proposition | A proved and often interesting result, but generally less important than a theorem.
A statement that is unproved, but is believed to be true (Collatz

conjecture, Goldbach conjecture, twin prime conjecture).

Claim An assertion that is then proved. It is often used like an informal lemma.

A statement that is assumed to be true without proof. These are the basic building

Conjecture

Axiom / blocks from which all theorems are proved (Euclid’s five postulates, Zermelo-
Postulate . .

Fraenkel axioms, Peano axioms).
Identity A mathematical expression giving the equality of two (often variable) quantities

(trigonometric identities, Euler’s identity).

A statement that can be shown, using a given set of axioms and definitions, to be
both true and false. Paradoxes are often used to show the inconsistencies in a
Paradox flawed theory (Russell’s paradox). The term paradox is often used informally to
describe a surprising or counterintuitive result that follows from a given set of
rules (Banach-Tarski paradox, Alabama paradox, Gabriel’s horn).

Corollary

™
Theorem /
Proposition

™
Lemma N
™ +; X
Axiom / Postulate
0 Z +, x,—
Conjecture / Claim
N Q + x,—+

Definition

Textbook ‘ Bloch, Ethan D.. The Real Numbers and Real Analysis. Springer New York, 2011.
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Ch. 1.2: Natural Numbers N

Axiom / Theorem /
Lemma / Definition

Operations: Binary, Unary
(Definition 1.1.1)

Description

Let S be a set.
A binary operation on S is a functionSx S = S.
A unary operation on S is a function S = S.

Peano Postulates
(Axiom 1.2.1)

There exists a set N with an element 1 € N and a functions: N -
N that satisfy the following three properties.
a. There is no n € N such that s(n) = 1.
b. The function s is injective.
c. Let G € N be a set. Suppose that 1 € G, and thatifg € G
then s(g) € G. Then G = N.

Natural Number
(Definition 1.2.2)

The set of natural numbers, denoted N, is the set the existence of
which is given in the Peano Postulates.

Lemma 1.2.3

Let a € N. Suppose thata # 1.
Then there is a unique b € N such that a = s(b).

Definition by Recursion
(Theorem 1.2.4)

Let H be a set, let e € H and let k: H > H be a function. Then there
is a unique function f: N - H such that f(1) = e, and that fes=k o f,

Operation: +
(Theorem 1.2.5)

There is a unique binary operation +: N x N = N that satisfies the
following two properties for all n,m € N.
a.n+1=s(n). (successor).
b.n+s(m)=s(n+m). [=n+(m+1)]

There is a unique binary operation *: N x N = N that satisfies the

Operation: * following two properties for all n,m € N.
(Theorem 1.2.6) a.n*1=n.
b.n *s(m)=n(m+1)=(n*m) +n.
Leta, b,c € N.
l.Ifa+c=b+c,thena=b (Cancellation Law for Addition).
. 2.(a+b)+c=a+(b+c¢) (Associative Law for Addition).
Addition Laws
(Theorem 1.2.7a) 3.1+a=sfa)=a+l.
4.a+b=b+a (Commutative Law for Addition).
5.a+b=z1.
6.a+b=za.
Leta, b,c € N.
7.a*l=a=1%*a (Identity Law for Multiplication).
8.(a+b)c=ac+hbc (Distributive Law).
Multiplication Laws 9.ab=ba (Commutative Law for Multiplication).
(Theorem 1.2.7b) 10.c(a+b)=ca+cb (Distributive Law).
11. (ab)c = a(bc) (Associative Law for Multiplication).
12. Ifac=bcthena=b (Cancellation Law for Multiplication).

13.ab=1ifandonlyifa=1=b.

(Definition 1.2.8b)

Relation: < The relation < on N is defined by a < b if and only if there is some p
(Definition 1.2.8a) € Nsuchthata+p=b,foralla,b €N.
Relation: < The relation < on N is defined bya<bifand onlyifa<bora=b,

foralla,b € N.
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Relation: < and <
(Theorem 1.2.9)

Leta, b,c,d EN.

l.a<a,anda<a,anda<a+1.

2.1<a.
3.Ifa<bandb<c,thena<c;ifa<bandb<c,thena<c;ifa<b
andb<c,thena<c;ifa<bandb<c, thena<c.
4.a<bifandonlyifa+c<b+c.

.a<bifandonlyif ac < bc.

. Precisely one ofa<bora=bora>b holds (Trichotomy Law).
.a<borb<a.

.fa<bandb<a,thena=h.

. It cannot be thatb<a<b+ 1.

10.a<bifandonlyifa<b+1.

1l.a<bifandonlyifa+1<hb.

O 00 N O U

Well-Ordering Principle
(Theorem 1.2.10)

Let G © N be a non-empty set. Then there is some m € G such that
m<gforallg €G.
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Ch. 1.3 -1.4: Integers Z

Axiom, Theorem, etc.

Description

(Definition 1.3.3)

Relation: ~ The relation ~ on N x N is defined by (a,b) ~ (c,d) if and only if a +
(Definition 1.3.1) d=b+c, forall(a,b),(c,d) € NxN.

Relation: ~ . . . .

(Lemma 1.3.2) The relation ~ is an equivalence relation on N x N.

Integers: Z The set of integers, denoted Z, is the set of equivalence classes of

N x N with respect to the equivalence relation ~.

Well-Defined: +, *
(Lemma 1.3.4)

The binary operations + and *, the unary operation —, and the
relation <, all on Z, are well-defined.

Addition & Multiplication
Laws
(Definition 1.4.1 & 1.3.5)

An ordered integral domain is a set R with elements 0,1 € R,
binary operations + and -, a unary operation — and a relation <,
which satisfy the following properties.

Letx,y,z €R.

a. (x+y)+z=x+(y+2) (Associative Law for Addition).

b.x+y=y+x (Commutative Law for Addition).
c.Xx+0=x (Identity Law for Addition).
d.x+(-x)=0 (Inverses Law for Addition).

e. (xy)z = x(yz) (Associative Law for Multiplication).
f. xy = yx (Commutative Law for Multiplication).
g.x-1=x (Identity Law for Multiplication).

h.x(y +2z) =xy +xz (Distributive Law).

i. fxy=0,thenx=00ry=0 (No Zero Divisors Law).

j- Precisely one of x<yorx=yorx>yholds (Trichotomy Law).
k.f x<yandy<z thenx<z (Transitive Law).
LIfx<ythenx+z<y+z (Addition Law for Order).

m. If x<yand z >0, then xz<yz (Multiplication Law for Order).
n.0oz1 (Non-Triviality).

Relation: <
(Definition 1.4.2)

Let R be an ordered integral domain, and let A € R be a set.

1. The relation <on Ris defined bya< b ifandonlyifa<bora=b,
foralla,b €R.

2. The set A has a least element if there is some a € Asuch thata <
x for all x € A.

Well-Ordering Principle
(Definition 1.4.3)

Let R be an ordered integral domain. The ordered integral domain
R satisfies the Well-Ordering Principle if every non-empty subset
of {x € R | x>0} has a least element.

Axiom for the Integers
(Axiom 1.4.4)

There exists an ordered integral domain Z that satisfies the Well-
Ordering Principle.
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Properties of Integers
(Lemma 1.4.5 & 1.3.8)

Letx,y, zEZ.

Afx+z=y+z thenx=y (Cancellation Law for Addition).
. —(-x) =x.

c=(x+y) = (=x) + (=y).

.x-0=0.

.Ifz#z0andifxz=yz,thenx=y (Cancellation Law for Mult.).

(=x)y = —xy = x(-y).
.xy=1ifandonlyifx=1=yorx=-1=y.

8.x>0ifand only if -x <0, and x < 0 if and only if -x > 0.
9.0<1.

10.Ifx<yandy<x, thenx=y.
11.Ifx>0andy >0, thenxy>0.Ifx>0andy <0, then xy < 0.

Nooupbh wNPRk

Discreteness
(Theorem 1.4.6 & 1.3.9)

Let x € Z. Then thereisnoy € Z such that x<y <x + 1.

Positive/Negative: +, -
(Definition 1.4.7 & 1.3.6)

1. Let x € Z. The number x is positive if x >0, and the number x is
negative if x < 0.

N C Z:
(Theorem 1.3.7 &
Definition 1.4.7)

Leti: N —Z be defined by i(n) = [(n+1,1)] foralln € N.
1. The function i: N — Z is injective.
2.iN)={x €EZ|x>0"}.
3.i(1)=1".
4. leta,b € N. Then
a.i(a+b) =i(a) +i(b);
b. i(ab) =i(a) i(b);
c.a<bifand onlyifi(a) <i(b).

Natural Numbers: N
(Definition 1.4.7)

2. The set of natural numbers, denoted N, is defined by N = {x € Z
| x >0}.

Peano Postulates
(Theorem 1.4.8 & Axiom
1.2.1)

Let s: N - N be defined by s(n) =n + 1 for all n € N.
a. There is no n € N such that s(n) = 1.
b. The function s is injective.
c. Let G € N be a set. Suppose that 1 € G, and thatifg € G
then s(g) € G. Then G = N.
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Ch. 1.5: Rational Numbers Q

Definition /

Lemma /
Theorem

Description

Relation: =, Zx
(Definition 1.5.1)

Let Z* = Z- {0}. The relation = on Z x Zx is defined by (x, y) = (z,w) if
and only if xw =yz, for all (x, y),(z,w) € Z x Zx.

Relation: =
(Lemma 1.5.2)

The relation = is an equivalence relation.

Rational Numbers: Q
(Definition 1.5.3)

The set of rational numbers, denoted @, is the set of equivalence classes
of Z x Z* with respect to the equivalence relation =.

The elements 07,17 € Q are defined by 0" = [(0,1)] and 17 = [(1,1)]. Let
Q* =Q - {07}. The binary operations + and - on Q are defined by
[(x¥)] + [(zw)] = [(xw + yz,yw)]
[Oy)] - [(z,w)] = [(xz, yw)]

for all [(x, y)],[(z,w)] € Q.

e —:The unary operation - on Q is defined by -[(x, y)] = [(-x, y)] for all
[(xy)] € Q.

e 1 The unary operation ! on Q= is defined by [(x, y)]™ = [(y, x)] for all
[(x, y)] € Qx.

e <:Therelation < on Q is defined by [(x,y)] < [(z,w)] if and only if
either xw <yzwheny>0andw >0 orwheny<0andw<0,

e >:Therelation >on Q is defined by [(x,y)] > [(z,w)] if and only if
either xw > yz wheny >0and w <0 or wheny<0andw >0, for all
[(x, y)LI(zw)] € Q.

e <:Therelation <on Q is defined by [(x, y)] < [(z,w)] if and only if
[(x,¥)] < [(z,w)] or [(x,y)] = [(z,w)], for all [(x,y)],[(z,w)] € Q.

Well-Defined: Q
(Lemma 1.5.4)

The binary operations + and -, the unary operations — and !, and the
relation <, all on @, are well-defined.
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Addition and
Multiplication Laws
(Theorem 1.5.5)

Letr,s,t € Q.

Field:
1.(r+s)+t=r+(s+t)
2.r+s=s+r
3.r+0 =r
4.r+(-r)=0"

5. (rs)t = r(st)
6.rs=sr

7.r-1"=r

8.1frz07,thenr-rt=1"

9.r(s+t)=rs+rt

(Associative Law for Addition).
(Commutative Law for Addition).
(Identity Law for Addition).

(Inverses Law for Addition).
(Associative Law for Multiplication).
(Commutative Law for Multiplication).
(Identity Law for Multiplication).
(Inverses Law for Multiplication).
(Distributive Law).

Ordered Field:

11. Ifr<sands<t,thenr<t (Transitive Law).

12. Ifr<sthenr+t<s+t (Addition Law for Order).
13.Ifr<sandt>07, then rt <st (Multiplication Law for Order).
14.07#1° (Non-Triviality).

ZcQ:
(Theorem 1.5.6)

Leti: Z — Q be defined by i(x) = [(x,1)] for all x € Z.
1. The function i: Z — Q is injective.
2.i(0)=0"andi(1)=1".
3. Letx,y €Z. Then
a.i(x+vy)=i(x) +i(y);
b. i(-x) = -i(x);
c. i(xy) =i(x) i(y);
d. x <y if and only if i(x) < i(y).
4. For each r € Q there are x,y € Z such thaty # 0 and r = i(x) (i(y))™.

o . . -1 r
Operations: -, +, s, 5

(Definition 1.5.7)

The binary operation — on Q is defined by r —s=r + (-s) for all r,s € Q.
The binary operation + on Qx is defined by r + s =rs™* for all r,s € Qx;
we alsolet0+s=0-s1=0foralls € Qx.

The number r + s is also denoted g

Rational Numbers: Q
(Lemma 1.5.8)
(Definition 1.5.3
Restated)

Let a,c € Z and b,d € Zx.
1.4:2¢

7 if and only if ad = bc.
c _ ad+bc
==

o

a
2.7
3.-
4.2.2=-2

bd

5.1fa#0, then (%)_1: g .

6. Ifb>0andd>0,orifb<0andd<0,then%<§ifandonlyifad<bc;
ifb>0andd<0,orifb<0andd>O,then%>§ifandonlyifad>bc.
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Ch. 1.6: Dedekind Cuts Dy

Definition / Lemma

Dedekind cut
(Definition 1.6.1)
AKA “upper cut”

Description
Let A € Q be a set. The set A is a Dedekind cut if the following
three properties hold.
a.Az0and Az Q.
b.letx€A.IfyeQandy=x,theny €A.
c. Let x € A. Then there is some y € A such that y < x.

Interpreting Dedekind cuts

A Dedekind cut is a set, A, of rational numbers, with the
properties shown above.

a. Property (a) says A must be nonempty and cannot be all of

Q.

b. Property (b) says if a number, x, is in A, then all rational
numbers greater than x are also in A.

c. Property (c) is where things get interesting. It says that if x
isin A, then there is at least one element of A that is smaller
than x. (Actually, there are infinitely many.) This property is
what is going to allow us to fill in the gaps in the rational
numbers.

Dedekind cut Existence
(Lemma 1.6.2)

Letr € Q. Thentheset {x € Q | x> r}is a Dedekind cut.

Dedekind cut not in form of
Lemma 1.6.2
(Example 1.6.3)

Let

T={x € Q| x>0andx?*>2}. (1.6.1)
It is seen by Exercise 1.6.2 (1) that T is a Dedekind cut, and by Part
(2) of that exercise it is seen that if T has the form {x € Q | x> r}
for some r € Q, then r? = 2. By Theorem 2.6.11 we know that
there is no rational number x such that x?> = 2, and it follows that T
is a Dedekind cut that is not of the form given in Lemma 1.6.2.

Rational cut D¢
(Definition 1.6.4)

Letr € Q.

The rational cut at r, denoted Dy, is the Dedekind cut Dr={x € Q
| x>r}

An irrational cut is a Dedekind cut that is not a rational cut at any
rational number.

Complement of Dedekind
cut
(Lemma 1.6.5)

Let A € Q be a Dedekind cut.
1.Q-A={xeQ | x<aforalla €A} or{xeQ|xsr}
2.letx€Q-A. IfyeQandy<x thenye Q- A.

Trichotomy Law
(Lemma 1.6.6)

Let A,B € Q be Dedekind cuts. Then precisely one of A BorA=B
or B & A holds.
NOTE: A & B means that both A c B and A # B.
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Union of Family of Sets
(Lemma 1.6.7)

Let A be a non-empty family of subsets of Q. Suppose that X is a
Dedekind cut forall X € A. If Uxea X# Q, then Uxecp Xisa
Dedekind cut.

For example, think about what happens if the set A is defined this
way:
A={x € Q| x> 4},

xe Q|x>3.2}

{x € Q| x>3.15},

{x € Q| x>3.142},

{x € Q| x>3.1416},

{x € Q| x>3.14160},

{x € Q| x>3.141593}, ...}

If you were to union all of the elements of A, you would end up
with {x € Q | x > nt}. This is how the “gaps” get filled in.

Dedekind cut Examples
(Lemma 1.6.8)

Let A,B € Q be Dedekind cuts.

1.Theset{reQ | r=a+bforsomea € Aandb € B}is a Dedekind
cut.

2.Theset{re Q | -r < cfor some c € Q — A} is a Dedekind cut.
3.Supposethat 0 EQ-Aand0€ Q -B.Theset{reQ | r=ab for
some a € A and b € B} is a Dedekind cut.

4. Suppose that there is some g € Q - A such that g > 0. The set {r

€EQ| r>0and%<cforsomecEQ—A}isaDedekind cut.

Well-Ordering Principle
(Lemma 1.6.9)

Let A € Q be a Dedekind cut. Lety € Q.

1. Suppose that y > 0. Then there are u € Aand v € Q - A such that
y=u-v,andv<eforsomee€e€Q-A.

2. Suppose that y > 1, and that there is some q € Q — A such that q
>0.Then therearere Aands € Q—Asuchthats>0,andy>£,

ands < gforsomege Q- A.
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Ch. 1.7: Real Numbers R (Ch. 1)

Axiom / Theorem /

Lemma / Definition
Real Numbers: R
Definition 1.7.1

Description

The set of real numbers, denoted R, is defined by
R={ACS Q | Ais a Dedekind cut}.

Relations: <,
(Definition 1.7.2)

The relation < on R is defined by
A<Bifandonly if A2 B, for all A,B € R.

The relation < on R is defined by
A<Bifandonlyif A2 B, forall A,B € R.

Operation: +, -
(Definition 1.7.3)

The binary operation + on R is defined by
A+B={reQ|r=a+bforsomea€Aandb €B}

forall A,B € R.

The unary operation — on R is defined by
-A={reQ | -r<cforsomece Q- A}

forallA€eR.

Multiply Operator Setup
Lemma 1.7.4

LetA€E R, andletr e Q.
1. A> Dy if and only if there is some g € Q - Asuch that g >r.

2.A>2Drifandonlyifre Q- Aifandonlyifa>rforalla € A.

3. If A< Dg then -A > Do.

Operations: o, !

(Definition 1.7.5)

The binary operation ¢ on R is defined by
({r € Q|r=abforsomea € Aandb € B},

ifA>DyandB > D,
—[(—A) +B], ifA<DyandB =D,
—[Ae(—B)], ifA>=DyandB < D,
(—=A) ¢ (—B), ifA<DyandB < D,.

The unary operation "t on R - { Do } is defined by
fr eQ|r>0and %<cforsomec € Q—-A}
Al= if A> D,
—(-A)71, ifA<D,.
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Addition and
Multiplication Laws
(Theorem 1.7.6)

Let A,B,C € R.

Field:

1.(A+B)+C=A+(B+C) (Associative Law for Addition).
2.A+B=B+A (Commutative Law for Addition).
3.A+Dg=A (Identity Law for Addition).

4. A+(-A)=Do=0 (Inverses Law for Addition).

5. (AB)C = A(BC) (Associative Law for Multiplication).
6. AB = BA (Commutative Law for Multiplication).
7.AeD1=A (Identity Law for Multiplication).

8.If A # Do, then AA™ = D1 =1 (Inverses Law for Multiplication).
9.A(B+C)=AB+AC (Distributive Law).

Ordered Field:

10. Precisely one of A<Bor A=BorA>Bholds (Trichotomy Law).
11.IfA<BandB<C,thenA<C (Transitive Law).

12. IfA<Bthen A+ C< B+ C (Addition Law for Order).

13. If A<Band C> Do, then AC<BC (Multiplication Law for Order).
14.Do<Djor0<1 (Non-Triviality).

Least Upper Bound
Property Setup
(Definition 1.7.7)

Let A € R be a set.

1. The set A is bounded above if there is some M € R such that X < M
for all X € A. The number M is called an upper bound of A.

2. The set A is bounded below if there is some P € R such that X = P

for all X € A. The number P is called a lower bound of A.
3. The set A is bounded if it is bounded above and bounded below.

4. Let M € R. The number M is a least upper bound (also called a
supremum) of A if M is an upper bound of A, and if M < T for all
upper bounds T of A.

5. Let P € R. The number P is a greatest lower bound (also called an
infimum) of A if P is a lower bound of A, and if P = V for all lower
bounds V of A.

Greatest Lower Bound
Property (glb)
(Theorem 1.7.8)

Let A € R be a set. If Ais non-empty and bounded below, then A has
a greatest lower bound. (used in Dedekind cut proofs)

Least Upper Bound
Property (lub)
(Theorem 1.7.9)

Let A € R be a set. If Ais nonempty and bounded above, then A has a
least upper bound.

QcSR:
(Theorem 1.7.10)

Leti: Q — R be defined by i(r) = Dy forallr € R.
1. The function i: Q — R is injective.
2.i(0) =Dgand i(1) = Ds.
3.Letr,s € Q. Then
a. i(r +s) = i(r) +i(s);
b. i(-r) = =i(r);
c.i(rs) =i(r) i(s);
d.ifrz0theni(r?) =[i(r)]™;
e.r<sif and only if i(r) <i(s).
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Ch. 2.2: Real Numbers R

Definitions /

Axiom

Addition and
Multiplication Laws
(Definition 2.2.1)

Description

An ordered field is a set F with elements 0,1 € F, binary operations + and
-, a unary operation -, a relation <, and a unary operation * on F - {0},
which satisfy the following properties.

Letx,y,z € F.

a. (x+y)+z=x+(y+2) (Associative Law for Addition).
b.x+y=y+x (Commutative Law for Addition).
c.x+0=x (Identity Law for Addition).
d.x+(-x)=0 (Inverses Law for Addition).

e. (xy)z = x(yz) (Associative Law for Multiplication).

f. xy = yx (Commutative Law for Multiplication).
g.x-1=x (Identity Law for Multiplication).

h.Ifxz0,thenxx'=1 (Inverses Law for Multiplication).
i. x(y+2z)=xy+xz (Distributive Law).

j. Precisely one of x <y or x =y or x >y holds (Trichotomy Law).
k.fx<yandy<z thenx<z (Transitive Law).
lLIfx<ythenx+z<y+z (Addition Law for Order).
m.Ifx<yandz>0,thenxz<yz (Multiplication Law for Order).
n.oz1 (Non-Triviality).

Bounds
(Definition 2.2.2)

Let F be an ordered field and let A € F be a set.

1. The set A is bounded above if there is some M € F such that x < M for
all x € A. The number M is called an upper bound of A.

2. The set A is bounded below if there is some P € F such that x > P for all
X € A.The number P is called a lower bound of A.

3. The set A is bounded if it is bounded above and bounded below.

4. Let M € F. The number M is a least upper bound (also called a
supremum) of A if M is an upper bound of A, and if M < T for all upper
bounds T of A.

5.Let P € F. The number P is a greatest lower bound (also called an
infimum) of A if P is a lower bound of A, and if P 2 V for all lower bounds
V of A.

Least Upper Bound
Property
(Definition 2.2.3)

Let F be an ordered field. The ordered field F satisfies the Least Upper
Bound Property if every non-empty subset of F that is bounded above
has a least upper bound.

Axiom for the Real
Numbers
(Axiom 2.2.4)

There exists an ordered field R that satisfies the Least Upper Bound
Property.
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Ch. 2.3: Algebraic Properties of Real Numbers R

Definitions /

Axiom

Operators: —, +, 2, <,

2
(Definition 2.3.1)

Description

1a. The binary operation —on R is defined by a-b =a + (-b) forall a,b €
R.

1b. The binary operation + on R - {0} is defined by a + b = ab™* for all a,b
€ER-{0}; wealsolet0+s=0-s'=0foralls € R-{0}. The numbera+b
is also denoted % or a/b.

2. Let a € R. The square of a, denoted a?, is defined by a?=a - a.

3. The relation < on R is defined by x<yif and only if x <y or x =y, for all
xy € R.

4. The number 2 € Ris defined by 2 =1+ 1.

Properties of Real
Numbers
(Lemma 2.3.2)

Let a,b,c € R.

.Ifa+c=b+cthena=b (Cancellation Law for Addition).
.Ifa+b=athenb=0.

.Ifa+b=0thenb=-a.

.—(@a+b)=(-a) + (-b).

-0=0.

.Ifac=bcandc#0,thena=b (Cancellation Law for Multiplication).
.0-a=0=a-0.

.ffab=aandaz0,thenb=1.

.fab=1thenb=a™

10.1faz0andb#0, then(ab)*=a'b™

11.(-1)-a=-a.

12. (-a)b = —ab = a(-b).

13. -(-a) = a.

14.(-1?=1and 1 =1.

15.1fab=0,thena=00rb=0 (No Zero Divisors Law).

16.1fa#0then (a})!=a.

17.1faz0then (-a)t=-a™
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Relations: <, <
(Lemma 2.3.3)

Let a,b,c,d € R.
l.fa<bandb<a,thena=hb.
2.fa<bandb<c thena<c.

Ifa<bandb<c, thena<c.
Ifa<bandb<c thena<c.
3.1fa<bthena+c<b+c.
4. Ifa<bandc<d,thena+c<b+d;
ifa<bandc<d,thena+c<b+d.
5.a>0ifandonlyif -a <0, and a <0 if and only if -a > 0; also
az20ifandonlyif-a<0,anda<0ifandonlyif-a20.
6.a<bifandonlyifb-a>0ifand onlyif -b < -a; also
as<bifandonlyif b-a>0if and only if -b < -a.
7.1fa#0thena?>0.
8.-1<0<1.
9.a<a+1l.
10.Ifa<bandc>0, thenac<bc.
11.1f0<a<band0<c<d,thenac<bd;
if0<a<band0<c<d, thenac<bd.
12.Ifa<band c<0, then ac > bc.
13.1fa>0thena™®>0.

14.1fa>0and b>0,thena<bifandonlyif bt <aif and only if a% < b2

Positive / Negative
(Definition 2.3.4)

Leta € R.

The number a is positive if a > 0;

the number a is negative if a < 0; and
the number a is non-negative if a 2 0.

Positive / Negative
(Lemma 2.3.5)

Let a,b,c,d € R.

1.1fa>0andb>0,thena+b>0. (Addition)
Ifa>0andb>0,thena+b>0.
Ifa=0andb>0,thena+b=>0.

2.1fa<0andb<0,thena+b<0.
Ifa<0andb<0,thena+b<0.
Ifa<Oandb<0,thena+b<0.

3.Ifa>0and b >0, thenab>0. (Multiplication)
Ifa>0andb >0, thenab>0.
Ifa>0andb >0, thenab>0.

4.1fa<0andb<0,thenab>0.
Ifa<0andb <0, thenab>0.
Ifa<0and b <0, thenab>0.

5.1fa<0and b >0, thenab<0.
Ifa<0andb >0, thenab<0.
Ifa<0andb >0, thenab<0.
Ifa<0andb >0, thenab<0.
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Intervals
(Definition 2.3.6)

Let a,b € R.
An open bounded interval is a set of the form
(a,b)={x € R | a<x<b}, wherea<h.
A closed bounded interval is a set of the form
[a,b]={x € R | a<x<b},wherea<h.
A half-open interval is a set of the form
[a,b)={x€eR|a<x<b}lor(ab]={x ER | a<x<b}, wherea<h.
An open unbounded interval is a set of the form
(a,0)={x e R | a<x}or(-oo,b)={x ER | x<b}or (-o0,0) =R.
A closed unbounded interval is a set of the form
[a,0)={x €ER | a<x}or(-oo,b]={x €ER | x<b}.

Interval Types

e An open interval is either an open bounded interval or an open unbounded
interval.

e A closed interval is either a closed bounded interval or a closed unbounded
interval.

o Aright unbounded interval is any interval of the form (a,0), [a,o0) or (-00,00).
o A left unbounded interval is any interval of the form (-oo,b), (-o0,b] or (-0c0,00).

¢ A non-degenerate interval is any interval of the form (a,b), (a,b], [a,b) or [a,b]
where a < b, or any unbounded interval.

e The number a in intervals of the form [a,b), [a,b] or [a, =) is called the left
endpoint of the interval.

e The number b in intervals of the form (a,b], [a,b] or (—o0,b] is called the right
endpoint of the interval.

e An endpoint of an interval is either a left endpoint or a right endpoint.
e The interior of an interval is everything in the interval other than its endpoints.

Intervals
(Lemma 2.3.7)

Let | € R be an interval.

1.Ifx,yEland x<y, then[x,y]CI.

2. If lis an open interval, and if x € |, then there is some 6 > 0 such that [x
-5, x+8]Ccl.

Absolute Value
(Definition 2.3.8)

Let a € R. The absolute value of a, denoted |a|, is defined by
|a] =(a,ifa=20-a,ifa<O.

Leta,b € R.
1. |a] 20,and |a| =0if and only ifa =0.
. 2.-lal <a<|al.
:ngfzifflglfue 3. |al = |b]ifand onlyifa=bora=-b.
4. |al <bifandonlyif-b<a<b,and |a] <bifandonlyif-b<a<hb.
(Lemma 2.3.9)
5. lab| = |a]|:|b].
6. |a+b|<|a] +|b] (Triangle Inequality).
7.11al - |b]l| £ |la+b]and||a] - |b|| £]a-b].
Leta € R.

Epsilon: €= 0
(Lemma 2.3.10)

l.a<0ifandonlyifa<eforalle>0.
2.a20ifandonlyifa>-eforalle>0.
3.a=0ifandonlyif |a| <eforalle>0.
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2.4 Real Numbers Include Natural, Integers, and Rationals (N c Z c Q c R)

Theorem / Lemma /

Definition / Corollary

Inductive Set
(Definition 2.4.1)

Description

Let S € R be a set. The set S is inductive if it satisfies the following
two properties.

(a)1€Ss.

(b)Ifa €S, thena+1€S.

Definition: N
(Definition 2.4.2)

The set of natural numbers, denoted N, is the intersection of all
inductive subsets of R.

Properties of N
(Lemma 2.4.3)

1. N is inductive.
2. If AS R and A is inductive, then N € A,
3.IfneENthenn>1.

Peano Postulates
(Theorem 2.4.4)

Let s: N — N be defined by s(n) =n+ 1 foralln € N.

a. There is no n € N such that s(n) = 1.

b. The function s is injective.

c. Let G € N be a set. Suppose that 1 € G, and that if g € G then
s(g) € G.Then G=N.

N Closed Under +, -
(Lemma 2.4.5)

Leta,b € N.Thena+b € Nandab € N.

Well-Ordering Principle
(Theorem 2.4.6)

Let G € N be a non-empty set. Then there is some m € G such that
m<gforallg €G.

Definition: Z
(Definition 2.4.7)

let-N={x e R | x=-nforsomen€N }.
The set of integers, denoted Z, is defined by Z =- N U {0} U N.

Properties of Z
(Lemma 2.4.8)

1.NC7Z.
2.aeNifandonlyifa€e Zanda>0.
3. The three sets - N, {0} and N are mutually disjoint.

Z Closed Under +, -, -
(Lemma 2.4.9)

Leta,b EZ.Thena+b €Z,and ab € Z, and -a € Z.

Integers are Discrete
(Theorem 2.4.10)

Let a,b € Z.

l.Ifa<bthena+1<bhb.
2.Thereisnoc € Zsuchthata<c<a+1.
3.If |a-b| <1thena=h.

Definition: Q
(Definition 2.4.11)

The set of rational numbers, denoted Q, is defined by
Q={xeR | x=a/bforsomea,b €Zsuch that b = 0}.
The set of irrational numbers is the set R - Q.

Properties of Q
(Lemma 2.4.12)

1.Z< Q.
2.g€Qandqg>0ifandonlyifg=a /b for some a,b € N.
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Fraction Manipulation
(Lemma 2.4.13)

Let a,b,c,d € Z. Suppose that b # 0 and d # 0.
l.a/b=0ifandonlyifa=0.
2.a/b=1ifand onlyifa=h.
3.a/b=c/difand onlyif ad = bc.
4.a/b+c/d=(ad+ bc)/ bd.
5.-(a/b)=(-a)/b=a/(-b).
6.a/b-c/d=ac/bd.

7. Ifa¢0,then(a/b)_1:b/a.

Q Closed Under +, -, -,
(Corollary 2.4.14)

-1

Leta,b € Q. Thena+b € Q,andab€ Q,and-a € Q,andifa#0
thena e Q.

Z +. X, -
Q +.:x,—=
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Ch. 2.5: Induction and Recursion

Proposition /

Theorem / Lemma /

Definition

Principle of Mathematical

Description

Let G € N. Suppose that

Definition 2.5.3

Induction 3. 1€G;
b.ifnE€G,thenn+1€G.

(Theorem 2.5.1) Then G = N.

Proposition 2.5.2 Example induction proof
Leta,b € Z.

The set {a, ..., b}is defined by {a, ..., b} ={X EZ | a<x< b}.

Principle of Mathematical
Induction—
Variant/Complete
(Theorem 2.5.4)

Let G € N. Suppose that

a.1€gG;

b.ifneNand{1,.. ntEG,thenn+1€EG.
Then G = N.

Definition by Recursion
(Theorem 2.5.5)

Let H be a set, lete € Hand let k: H — H be a function. Then
there is a unique function f: N — H such that f(1) = e, and that f(n
+ 1) = k(f(n)) foralln € N.

Definition of x"
Definition 2.5.6

Let x € R. The number x" € R is defined for all n € N by letting x* =
X, and X" =x - x" for all x € N.

Lemma 2.5.7

Let x € R. Suppose that x #0. Thenx" 20 foralln € N.

Definition: x°
Definition 2.5.8

Let x € R. Suppose that x # 0.
The number x° € R is defined by x° = 1.
For each n € N, the number x™" is defined by x™ = (x")™.

Power Rules
Lemma 2.5.9

Let x € R, and let n,m € Z. Suppose that x # 0.
1. x"x™ = x™m,
2.x" /[ x™=x"",

Polynomial Function
Definition 2.5.10

Let A € R be a set, and let f: A — R be a function. The function fis

a polynomial function if there are some n € N U {0} and ao, a4,...,
an € R such that f(x) = ap +aix + -+ + a,x" for all x € A.

a1 =N+ ag
Theorem 2.5.11

Let Hbe aset,lete € Handlett: H X N — H be a function. Then
there is a unique function g: N — H such that g(1) = e, and that g(n
+1) =t((g(n), n)) foralln € N.

Factorial: n!
Example 2.5.12

We want to define a sequence of real numbers as, a, as,... such
thata; =1, and an«1 = (n+ 1)a, foralln € N.

Exercise 2.5.3

max() Function . {x, ifx>y
(Example 2.5.13) max{x,y} = y, ifx<y
Letn € N, and let ay, a3, ..., an € R.

Provethat |ai+az+* * *+an| <|ai] +]az| +° * <+ an].

Copyright © 2021-2022 by Harold Toomey, WyzAnt Tutor

20



Ch. 2.6: The Least Upper Bound Property

Theorem / Lemma /

Corollary / Definition

Example 2.6.1

Description

(1) Let A =[3,5). Then 10 is an upper bound of A, and -100 is a
lower bound. Hence A is bounded above and bounded below, and
therefore A is bounded.

Unique LUB / GLB
(Lemma 2.6.2)

Let A € R be a non-empty set.

1. If A has a least upper bound, the least upper bound is unique.
2. If A has a greatest lower bound, the greatest lower bound is
unique.

lubA/glbA
(Definition 2.6.3)

Let A € R be a non-empty set.
If A has a least upper bound, it is denoted lub A.
If A has a greatest lower bound, it is denoted glb A.

Least Upper Bound
Property
(Theorem 1.7.9)

Let A € R be a set. If Ais nonempty and bounded above, then A
has a least upper bound.

Greatest Lower Bound
Property
(Theorem 2.6.4)

Let A € R be a set. If Ais non-empty and bounded below, then A
has a greatest lower bound.

Lemma 2.6.5

Let A € R be a non-empty set, and let € > 0.

1. Suppose that A has a least upper bound. Then there is some a €
AsuchthatlubA-g<a<lubA.

2. Suppose that A has a greatest lower bound. Then there is some

beAsuchthatglbA<b<glbA+ €.

No Gap Lemma
(Lemma 2.6.6)

Let A,B € R be non-empty sets. Suppose thatifa € Aand b € B,
thena<h.

1. A has a least upper bound and B has a greatest lower bound,
and lub A< glb B.

2. lub A =glb B if and only if for each € > 0, therearea€Aand b €
Bsuchthatb-a<e.

Archimedean Property
(Theorem 2.6.7)

Leta,b € R. Suppose thata > 0.

Then there is some n € N such that b < na.

R In-between Zs
(Corollary 2.6.8)

Let x € R.

1. Thereisauniquen € Zsuchthatn-1<x<n.lfx=0,thenn €

N.
2.1f x>0, there issome m € N suchthat1/ m<x.

Square Root
Theorem 2.6.9

Let p € (0,). Then there is a unique x € (0, ) such that x> = p.

Square Root: va
Definition 2.6.10

Let p € (0, ). The square root of p, denoted v p, is the unique x
€ (0,%) such that x* = p.

Y 2is Irrational
(Theorem 2.6.11)

Let p € N. Suppose that there is no u € Z such that p = u2. Then
JpeQ.
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Q=#LUB
(Corollary 2.6.12)

The ordered field Q does not satisfy the Least Upper Bound
Property.

R Sandwich
(Theorem 2.6.13)

Let a,b € R. Suppose thata< b.
1. There is some g € Q such thata<qg<b.
2.Thereissomer € R- Q suchthata<r<hb.

Heine—Borel Theorem
(Theorem 2.6.14)

Let C € R be a closed bounded interval, let | be a non-empty set
and let {4;}; ¢ | be a family of open intervals in R. Suppose that
CES U;e1 4;. Then there are n € N and iy, iz, ..., in € | such that
C < Uk=1 4;,.

Ch. 2.7: Uniqueness of the Real Numbers

Theorem Description

Uniqueness of the Real
Numbers
(Theorem 2.7.1)

Let R; and R; be ordered fields that satisfy the Least Upper Bound
Property. Then there is a function f: R = R; that is bijective, and
that satisfies the following properties.

Let x,y € R1.

a. f(x +y) = f(x) + f(y).

b. f(xy) = f(x) f(y).

c. If x <y, then f(x) < f(y).

set M

/

supremum = |least
upper bound

N F

upper bounds of M
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Ch. 2.8: Decimal Expansion of Real Numbers

Theorem / Lemma /

Definition
Base-p
(Lemma 2.8.1)

Description

Let p € N. Suppose that p > 1. Let n € N. Then there is a unique k €
N such that p“* < n<pk

Base-p Numbers
(Theorem 2.8.2)

Let p € N. Suppose that p > 1. Let n € N. Then there are unique k €
N and ag, ay, ..., ak-1 € {0, ..., p — 1} such that ax-1 # 0, and that

k-1

n= Z a;p.

i=0

Base-p Fractions
(Lemma 2.8.3)

Let p € N. Suppose that p > 1. Let a3, @, a3, ... E{0, ..., p — 1}. Then
the set
n
{Z apt|n € N}
i=1

is bounded below by 0 and is bounded above by 1. [0,1]

Definition 2.8.4

Let p € N. Suppose that p > 1. Let a3, @, a3, ... €E{0, ..., p — 1}. The
sum Yo, a;p~"is defined by

oo n
Z ap~t = lub {Z ap~tn € N}

Lemma 2.8.5

Let p € N. Suppose that p> 1. Let a3, a3, a3, ... €{0, ..., p - 1}.
1.0y, ap i<,

2.3, a;p " =0ifand onlyifa;= 0 foralli € N.

3.2, a;p " =1ifandonlyifai=p-1foralli€N.

4. Let m € N. Suppose that m > 1, and that am-1 # p - 1. Then

N ~ +1

i . Am-1
Zaip ‘< Z a;p 1+W,
= i=1

where equality holds if and only if a; = p - 1 for all i € N such that i
= m.
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Uniqueness of R
(Theorem 2.8.6)

Let p € N. Suppose that p> 1. Let x € (0, ).

1. There are k € N, and bg, by, ..., bi-1 €{0, ..., p—1}and aj, az, a3 ...
€ {0, ..., p— 1}, such that

DT

b]-pj + Z a;p~t.
i=1

2. Itis possible to choose k € N, and by, by, ..., bi-1 € {0, ..., p — 1},
and ai, az, a3 ... €{0, ..., p — 1} in Part (1) of this theorem such that
there is nom € N such that aj=p - 1 for alli € N such thati>m.

X =
=0

-
1]

3.If x>1, then it is possible to choose k € N, and by, b, ..., bk-1 €
{0, ..., p-1},and a3, @z, a3 ... €{0, ..., p— 1} in Part (1) of this
theorem such that by-; # 0.

If 0 <x <1, thenitis possible to choose k=1, and by =0, and ay, a3,
asz... €{0, ..., p— 1}in Part (1) of this theorem.

4. If the conditions of Parts (2) and (3) of this theorem hold, then
the numbers k €N, and by, by, ..., bie1 €{0, ..., p— 1}, and a3, ay, a3
.. €{0, ..., p - 1}in Part (1) are unique.

Base p Representation
(bj.ai)
(Definition 2.8.7)

Let p € N. Suppose that p> 1. Let x € (0, ). A base p

representation of the number x is an expression of the form x =
bk-1 ++* bibo.a1a2a3 -+, where k € N and by, by, ..., bi-1 € {0, ..., p - 1}
and aj, az, a3 ... €{0, ..., p — 1} are such that

k-1 oo
x = Z bjpj + Z a;p.
j=0 i=1

Division Algorithm: +
(Theorem 2.8.8)

Leta € N U {0}and b € N. Then there are unique q,r € N U {0}

suchthata=bg+rand0<r<b. (q=quotient, r =remainder)

Repeating Decimal
(Definition 2.8.9)

Let p € N. Suppose that p > 1. Let x € (0,%°), and let x = by-1 -

bibo.a1a2a; -+ be a base p representation of x. This base p
representation is eventually repeating if there are somer,s € N

such that aj = ajis for all j € N such that j = r; in that case we write

X = b1 biby.a1a203 **+ 1 Ap " Arys—1-

Rational if Repeating
Decimal
(Theorem 2.8.10)

Let p € N. Suppose that p> 1. Let x € (0, ). Then x € Q if and only
if x has an eventually repeating base p representation.
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Ch. 3.2 Limits of Functions

Theorem / Lemma /

Definition

Limit of a Function
(Definition 3.2.1)

Description

Let 1 € R be an openinterval, letc €l,letf:1-{c} > Rbea
function and let L € R. The number L is the limit of f as x goes to c,
written

lim f(x) = L

if for each € > 0, there is some 6 >0 such thatx € I - {c}and 0 < |x
-c| <6imply |f(x)-L| <e.

If lim f(x) = L, we also say that f converges to L as x goes to c.
X—C

If f converges to some real number as x goes to c, we say that
lim f(x) exists.
X—C

An open interval is an interval that does not include its end points.

Logical Form of Limits

(Ve>0)(36>0) [(x€l-{c} A |x-c| <8) — |f(x)-L| <€]

The order of the quantifiers in the definition of limits is absolutely
crucial.

Proof Format

A typical proof that lim f(x) = L must therefore have the
X—=C

following form:
Proof.
Lete>0
....(argumentation) ...
Let 6 =f(g)
... (argumentation) . ..
Suppose thatx € I - {c}and [x-c| <&
....(argumentation) ...
Therefore [f(x) - L| < €.

Lis Unique
(Lemma 3.2.2)

Let | € R be an openinterval, letc € landletf:1-{c} > Rbea
function. If lim f(x) = L for some L € R, then L is unique.
X=C

Example Proofs
(Example 3.2.3)

(1) Prove that lirr}L(Sx +1) =21.
X—

Proof:
Let € > 0. Let 6 = € 5. Suppose that x € R - {4} and |x-4]| < &. Then
|[(5x+1)-21]| = |5x-20| =5|x-4| <56=5-eg5=¢.

(2) Prove that }Ci_rg(x2 -1)=38.

Proof:

Let € > 0. Let 6 = min{e 7,1}. Suppose that x ER - {3} and |x-3| <
6. Then |x-3| < 1, which implies that -1 < x-3 < 1, and therefore 2
<x<4,and hence5 < x +3<7,and we conclude that 5 < |x + 3| <
7.Then |(x2-1)-8| =|x2-9| = [x-3]|'|x+3|<6:-7<€7-7=
€.
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(3) Prove that lim (l) does not exist.
x—0 \X
Proof:
Suppose that lir’% G) = Lforsomel € R.let € =|L|/2ifL#0,
xX—
and let € =1if L=0. We consider the case when L > 0; the other
cases are similar. Let 0 >0.BecauseL>0,thenL+ € >0.Lletx=
min{0/2,1/(L+¢€)}. Thenx € (0, ®)and |[x-0| <8/2<86.0n
the other hand, because x <1/ (L+¢€), it followsthatL+&<1/x,

and hence 1/x-L =g, whichimpliesthat |1/x-L]| < &.

Sign-Preserving Property
for Limits
(Theorem 3.2.4)

Let | € R be an open interval, letc €Elandletf: 1 -{c} > Rbea
function. Suppose that lim f(x) exists.
X—C
1. If lim f(x) > 0, then there is some M >0 and some & > 0 such
X—C

thatx € 1 - {c}and |x - c| < & imply f(x) > M.
2. If lim f(x) < 0, then there is some N < 0 and some & > 0 such
X—C

thatx € 1 - {c}and |x - c| < & imply f(x) < N.

Bounded
(Lemma 3.2.7)

Let | € R be an open interval, letc Elandletf:1-{c} > Rbea

function. If lim f(x) exists, then there is some & > 0 such that the
X—C

restriction of fto (I - {c}) N (c-§, ¢ + 8) is bounded.

Zero
(Lemma 3.2.8)

Let | € R be an open interval, letc € l and let f,g: | - {c} = R be
functions. Suppose that lim f(x) = 0, and that g is bounded. Then
xX—C

lim f(x) g(x) = 0.

Functions for +, -, k, o, +
(Definition 3.2.9)

Let A,B be sets, let f: A— R and g: B — R be functions and let k €
R.

1. The function f+ g: A N B — R is defined by [f + g](x) = f(x) + g(x)
forallx € A N B.

2. The functionf-g: A N B — R is defined by [f - g](x) = f(x) — g(x)
forallx € A N B.

3. The function k f: A — R is defined by [k f ](x) = k f(x) for all x € A.
4. The functionf-g: A N B — Ris defined by [f - g](x) = f(x) - g(x)
forallx € A N B.

5.LetC=(A N B)-{b €B | g(b) =0}. The functionfg: C — R is
defined by [f/g] (x) = f(x) / g(x) for all x € C.

6. The function | f |: A — Ris defined by | f |(x) = | f(x) | for all x
€ A.
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Limits for +, -, k, o, +
(Theorem 3.2.10)

Let 1 € R be an openinterval, letc €1, letf,g: 1 - {c} = R be
functions and let k € R. Suppose that }Clrré f(x) and Lingg(x) exist.
1. lim[f + g](x) exists and lim[f + g](x) = lim f(x) +
xX—C xX—C x—cC
lim g(x).
X—C
2. lim[f — g](x) exists and lim[f — g](x) = lim f(x) —
xX—C X—C X—C
lim g(x).
xX—C
3. chin}[k - f1(x) exists and }Cin}[k flx) =k -}Cirréf(x).
4. Jlcim[f - g](x) exists and lim[f . g](x) = lim f(x) . lim g(x).

5.lim [ ] (x) exists and llm [ ] (x) = /) |f llm gx) #0.

x—c lim g(x)

Limits forfo g

Let I, € R be openintervals, letc €l,letd €Jand letg: |- {c} —
- {d}and f:J - {d} = R be functions. Suppose that lim g(y) = d
y-c

(Theorem 3.2.12) and that lirr& f(x) exist. Then lim(f o g)(y) exists, and
x— y-C
lim(f o g)(¥) = lim f(x).
y-cC x—d
Let | € R be an open interval, letc € l and let f,g: | - {c} = R be
Limits: f<g functions. Suppose that f(x) < g(x) for all x € I - {c}. If lim f(x) and
(Theorem 3.2.13) +2upp () < glx) fch x—>cf( )

lim g(x) exist, then lim f(x) < lim g(x).
X=C X=C X=C

Squeeze Theorem for
Functions
(Theorem 3.2.14)

Let | € R be an open interval, let c € | and let f,g,h: | - {c} = R be

functions. Suppose that f(x) < g(x) < h(x) forall x € | - {c}. If
limf(x)=L= hm h(x) for some L € R, then 11m g(x) exists and

xX—C
limg(x) = L.

X2C

v
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Left/Right Hand Limits
(Definition 3.2.15)

Let | € R be aninterval, letc €1, let f: | - {c} = R be a function
and let L € R.

1. Suppose that c is not a right endpoint of I. The number L is the
right-hand limit of f at ¢, written

lim f(x) =1L,

xX—>Cc+

if for each € >0, there is some 6 >0 such thatx € | - {c}and c < x <
c+8imply [f(x) -L| <e.If 1im+f(x) = L, we also say that f
X—C

converges to L as x goes to c from the right. If f converges to some
real number as x goes to ¢ from the right, we say that lim+ f(x)
X—C

exists.

2. Suppose that c is not a left endpoint of I. The number L is the
left-hand limit of f at ¢, written

lim f(x) =1L,
X—C—

if for each £ >0, there issome § >0 suchthatx €l-{c}andc-6<
x<cimply |f(x) - L| <e.If lim f(x) =L, we also say that f
X—C—

converges to L as x goes to c from the left. If f converges to some
real number as x goes to c from the left, we say that
lim f(x) = L, exists.

X—>C—

3. A one-sided limit is either a right-hand limit or a left-hand limit.

All 3 Limits are Equal

Let | € R be an open interval, letc €landletf:I1-{c} > Rbea
function. Then lim f (x) exists if and only if lim+ f(x)and
xX—C X—C

(Exercise 3.2.1)

(Lemma 3.2.17) lim f(x) exist and are equal, and if these three limits exist then
fﬁg\;are equal.
Let m,b,c € R. Using only the definition of limits, prove that
y=mx+b

lim(mx +b) =mc+b

X—C

Exercise 3.2.5

LetJ € 1S R be openiintervals, letc € Jand letf: 1 - {c} > Rbea
function. Prove that lim f(x) exists if and only if lim £/, (x) exists,
xX—C X—C

and if these limits exist, then they are equal.
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Ch. 3.3 Continuity

Theorem / Lemma /

Corollary / Definition
/ Examples

Continuity: g, &
(Definition 3.3.1)

Description

Let A € R be a set, and let f: A — R be a function.

1. Let c € A. The function f is continuous at c if for each € >0, there
is some & >0 such thatx € Aand |x —c| < 8 imply |f(x) - f(c)| <e.
The function f is discontinuous at c if f is not continuous at c; in
that case we also say that f has a discontinuity at c.

2. The function f is continuous if it is continuous at every number
in A. The function f is discontinuous if it is not continuous.

Continuity: f(c)
(Lemma 3.3.2)

Let 1 € R be an openinterval,letc€landletf:| = Rbea
function. Then fis continuous at c if and only if

}Ci_r)réf(x) exists and }Ci_r)réf(x) = f(c).

Logical Form of Continuity

(Vc € A)[ fis continuous at c]
which can be written completely in symbols as
(VCEA)(Ve>0)(I6>0)[(xEA /N |x-c| <8) — |f(x) - f(c)] <e].
The order of the quantifiers is crucial.
Applies where we can find 6 that depends upon € and c.

Example 3.3.3

(1) f(x)=mx+b

(2) p(x) = 1/x

(3) Standard elementary functions (that is, polynomials, power
functions, logarithms, exponentials and trigonometric functions).
All of these functions are continuous.

(4) y = tan(x)

(5) g(x) = |x]/x

(6)r(x)=10r0

(7) s(x)=1/q

Sign-Preserving Property
for Continuous Functions
(Theorem 3.3.4)

Let A S R be a non-empty set, letc€Aandletf:A— Rbea
function. Suppose that f is continuous at c.

1. If f(c) > 0, then there is some M >0 and some 6 > 0 such that x €
Aand |x-c]| <& imply f(x) > M.

2. If f(c) < 0, then there is some N < 0 and some & > 0 such that x €
Aand |x-c| <& imply f(x) < N.

+,-,+,+Continuous atx=c
(Theorem 3.3.5)

Let A € R be a non-empty set, letc EA, let f,g: A = R be

functions and let k € R. Suppose that f and g are continuous at c.
1.f+gis continuous at c.

2.f-gis continuous at c.

3. k- fis continuous at c.

4. f- giscontinuous at c.

5.1f g(c) # 0, then f/g is continuous at c.

Copyright © 2021-2022 by Harold Toomey, WyzAnt Tutor

29



+, -, -, + Continuous
Everywhere
(Corollary 3.3.6)

Let A € R be a non-empty set, let f,g: A — R be functions and let k

€ R. Suppose that f and g are continuous. Thenf+g,f-g, k- fand
f - g are continuous, and if g(x) # 0 for all x € I thenf / g is
continuous.

Example 3.3.7

(1) falx) = x"
(2) p(x) = 1/x

Composite Functions (f - g)
(Theorem 3.3.8)

Let A,B € R be non-empty sets, letc € Aandletg: A— Bandf: B

— R be functions.

1. Suppose that A is an open interval. If lim g(x) exists and is in B,
X—C
and if f is continuous at lim g(x), then lim f(g(c)) = f(lim g(x)).
X—C X—C X—C

2. If giis continuous at ¢, and if f is continuous at g(c), thenfeo gis
continuous at c.
3. If gand f are continuous, then f ¢ g is continuous.

Composition of Two
Discontinuous Functions
(Example 3.3.9)

(1) h(x) =1 or 0, k(x) = 2 or 0 m = Better = Continuous
(2)r(x)=10r0,s(x)=1/g > Worse Discontinuity

Pasting Lemma
(Lemma 3.3.10)

Let [a,b] € R and [b, c] € R be non-degenerate closed bounded
intervals, and let f: [a,b] — R and g: [b,c] = R be functions. Let h:
[a,c] — R be defined by h(x) = (f(x), if x € [a,b], g(x), if x € [b,c]. If f
and g are continuous, and if f(b) = g(b), then h is continuous.

Extension of a Function
(Example 3.3.11)

f(x) =x > Can be extended
p(x) = 1/x = Cannot be extended
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Ch. 3.4 Uniform Continuity

Lemma / Corollary /

Definition / Examples

Uniformly Continuous (UC)
(Definition 3.4.1)

Description

Let A € R be a set, and let f: A — R be a function. The function f is
uniformly continuous if for each € > 0, there is some 6 > 0 such
thatx,y € Aand |x-y]| <& imply |f(x) - f(y)]| <e.

Logical Form of UC

(Ve>0) (36 >0) (Vx EA) (Vy EA) [|x-y]| <6 — |f(x)-f(y)] < €]
The order of the quantifiers is crucial.
Applies where we can find 6 that depends only upon g, and not c.

uc->¢
(Lemma 3.4.2)

Let A € R be a set, and let f: A — R be a function. If f is uniformly
continuous, then fis continuous.

Example 3.4.3

(1) f(x) =mx+b 2> 1sUC
(2) g(x) =1/x where x € R - {0} = Is not UC
(3) g(x) =1/x where x € (1, ) =2 IsUC

Close Bounded Interval C
2> UC

(Theorem 3.4.4)

Let C € R be a closed bounded interval, and let f: C > R be a
function. If f is continuous, then f is uniformly continuous.

UC = Bounded
(Theorem 3.4.5)

Let A € R be a non-empty set, and let f: A — R be a function.

Suppose that A is bounded. If f is uniformly continuous, then fis
bounded.

C 2 Bounded
(Corollary 3.4.6)

Let C € R be a closed bounded interval, and let f: C > R be a
function. If f is continuous, then f is bounded.

A
€
|
vd
0 ©

3
€
6 0 \/ 3
€ \\_/
I €
O & —————
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Ch. 3.5 Two Important Theorems

Axiom / Theorem /

Lemma / Definition

Extreme Value Theorem:
Min. and Max. Exist
(Theorem 3.5.1)

Description

Let C € R be a closed bounded interval, and let f: C > R be a
function. Suppose that f is continuous. Then there are Xmin, Xmax € C
such that f(Xmin) < f(x) < f(Xmax) for all x € C.

abs. max
fib} abs. max

fia) |——

fia)
abs. min fib) o

abs. min

Intermediate Value
Theorem
(Theorem 3.5.2)

Let [a,b] € R be a closed bounded interval, and let f: [a,b] — R be
a function. Suppose that f is continuous. Let r € R. If ris strictly
between f(a) and f(b), then there is some c € (a,b) such that f(c) =
r. We can assume f(a) < r < f(b).

f(b)

Any p
. Af-\

Anyc in[a, b]

Any cinfa, bJ

Contrapositive for a Proof
(Lemma 3.5.3)

Let F be an ordered field. Suppose that F does not satisfy the
Least Upper Bound Property. Let A C F be a non-empty set such
that A is bounded above, but A has no least upper bound. Leta €
A, and let b € F be an upper bound of A. Let Q ={x € [a,b] | xis an
upper bound of A} and P = [a,b] -

1.PpUQ=[abland P N Q=0.

2.a<b,andA N [a,b]€EP,anda€P,andb €Q.
3.IfxEPandz€Q, thenx<z.

4. If x € P, then there is some y € P such that x <y. If z € Q, then
there is some w € Qsuch thatw < z.

5. The set P does not have a least upper bound, and the set Q does
not have a greatest lower bound.

Theorem 3.5.4

The following are equivalent.

al. The Least Upper Bound Property.
a2. The Greatest Lower Bound Property.
b. The Heine—Borel Theorem.

c. The Extreme Value Theorem.

d. The Intermediate Value Theorem.

Copyright © 2021-2022 by Harold Toomey, WyzAnt Tutor

32



Ch. 4.2 The Derivative

Definition / Theorem

/ Example

Definition of Derivative
withx-c
(Definition 4.2.1)

Description

Let | € R be an openinterval, letc Eland letf: | >R be a
function.

1. The function f is differentiable at c if

i 28— f(©)
im———————

x—-c X —cC

exists; if this limit exists, it is called the derivative of f at c, and it is
denoted f'(c).

2. The function f is differentiable if it is differentiable at every
number in I. If f is differentiable, the derivative of f is the function
f': I = R whose value at x is f'(x) for all x € I.

Definition of Derivative
with h

Let | € R be an openinterval, letc Elandletf:| > Rbea
function. Then f is differentiable at c if and only if

I fle+h) - f()
im

(Lemma 4.2.2) h—0 h
exists, and if this limit exists it equals f'(c).
(1) f(x) = mx + b so (mx + b)’ =m.
Example 4.2.3 (2) g(x) =x2so g’(x) = 2x

(3) k(x) = |x|so k’(x) does not exist unless x € (0, ).

Differentiable 2>
Continuous
(Theorem 4.2.4)

Let 1 € R be an open interval, and let f: | = R be a function. Let c
€l

If f is differentiable at c, then f is continuous at c.

If f is differentiable, then f is continuous.

Continuous vs.
Differentiable
(Example 4.2.5)

(1) f(x) = {x? sin (1/x?), if x # 0}
{0, if x = 0}.
So, f’ exists everywhere, but f’ is not continuous.

(2) g(x) ={ %3, if x =0}
{-x? if x< 0}
So, g’ is continuous, however g’ is not differentiable.
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n® Derivatives
(Definition 4.2.6)

Let | € R be an open interval, letc €landletf:| = Rbea
function.

Suppose that f is differentiable at c.

The function f is twice differentiable at c if f’ is differentiable at c.
If f" is differentiable at c, the derivative (f’')’(c) is called the second
derivative of f at ¢, and it is denoted f”(c).

The function f is twice differentiable if it is twice differentiable at
every number in I.

If fis twice differentiable, the second derivative of f is the function
f’: 1 — R whose value at x is f’(x) forall x € I.

The n'" derivative of f for all n € N is defined as follows, using

Definition by Recursion.

If f is differentiable at c, the first derivative of f at c is simply the
derivative of f at c.

Suppose that f is n—-1 times differentiable at c.

The (n-1)-st derivative of f at c is denoted f"™%)(c).

The function f is n times differentiable at c if "% js differentiable
atc.

If fn-Y is differentiable at c, the derivative (f" )’(c) is called the nt"
derivative of f at ¢, and it is denoted f"(c).

The function f is n times differentiable if it is n times differentiable
at every numberin I.

If f is n times differentiable, the n derivative of f is the function

fM: ] — R whose value at x is f"(x) for all x € 1.

The 0 derivative of fis f® =1,

Continuously/Infinitely
Differentiable
(Definition 4.2.7)

Let | € R be an open interval, and let f: | = R be a function.

The function f is continuously differentiable if f is differentiable
and f" is continuous.

Let n € N. The function f is continuously differentiable of order n
if f) exists and is continuous for alli € {1, ..., n}.

The function f is infinitely differentiable (also called smooth) if !
existsall i € N.
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Let | € R be a non-degenerate interval, letc € land let f: | = R be
a function.

1. Suppose that c is a left endpoint of |. The function fis
differentiable at c if the limit

y fG)—f() . flc+h)—f(c)
im —————— = lim
x—ct xX—cC h—-0* h

exists; if this limit exists, it is called the one-sided derivative of f at
¢, and it is denoted f'(c).

One-Sided Derivatives
(Definition 4.2.8) 2. Suppose that cis a right endpoint of I. The function f is

differentiable at c if the limit

I f)—f) . flc+h)—f(c)
im ———— = lim
x-c~ X—C h—0~ h

exists; if this limit exists, it is called the one-sided derivative of f at
¢, and it is denoted f'(c).

3. The function f is differentiable if the restriction of f to the
interior of | is differentiable in the usual sense, and if f is
differentiable at the endpoints of | in the sense of Parts (1) and (2)
of this definition if there are endpoints.

Let | € R be an open interval, letc €landletf:| = Rbea
function. The function f is symmetrically differentiable at c if

Symmetric Derivative . f(c+h)—f(c—h)
(Exercise 4.2.7) ,lll_r}(l) oh

exists; if this limit exists, it is called the symmetric derivative of f
atc.

VA A

/ i Qla+h, fla+hy)

fla+ h)y— fla)

=¥

‘,-’ -+
0 7 / a ath
.(
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Ch. 4.3 Computing Derivatives

Theorem / Corollary Description

Derivatives: +, -, o, +
(Theorem 4.3.1)

Let | € R be an open interval, let c € 1, let f,g: | = R be functions
and let k € R. Suppose that f and g are differentiable at c.

1. f + g is differentiable at c and [f + g]’(c) = f'(c) + g'(c).

2. f - gis differentiable at cand [f - g]’'(c) = f'(c) — g’(c).

3. kf is differentiable at c and [kf]’(c) = k f'(c).

4. (Product Rule) fg is differentiable at c and [fg]’(c) = f'(c)g(c) +
f(c)g'(c).

5. (Quotient Rule) If g(c) # 0, then f/g is differentiable at c and

[i]’ () =90 ~f(0g'(©)
g [g()]?

Entire Function
(Corollary 4.3.2)

Let | € R be an open interval, let f,g: | = R be functions and let k
€ R. If f and g are differentiable, thenf + g, f — g, kf and fg are
differentiable, and if g(x) # O for all x € | then f/g is differentiable.

Chain Rule
(Theorem 4.3.3)

LetI,J € R be openintervals, letc€landletf:1 ~Jandg:J ~ R
be functions. Suppose that f is differentiable at c, and that g is
differentiable at f(c). Then g ° f is differentiable at c and [g ° f]’(c) =

g’ (f(c))- f'(c).

Chain Rule Differentiable
(Corollary 4.3.4)

Let I,] € R be open intervals, and letf: | =~ Jand g: ] = R be
functions. If f and g are differentiable, then g ° f is differentiable.

X—C

(f2)' (o) g'(c) f'(c)

(/8)) - (f2)) /f(x) g() - () 4 S@-1©

X—€ X—C
\f(c) \g(c)
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Ch. 4.4 The Mean Value Theorem

Axiom / Theorem /
Lemma / Definition

Min/Max at a Point, f'(c) =
0
(Lemma 4.4.1)

Description

Let [a,b] € R be a non-degenerate closed bounded interval, let c €
(a,b) and let f: [a,b] — R be a function.

Suppose that f is differentiable at c.

If either f(c) > f(x) for all x € [a,b] or f(c) < f(x) for all x € [a,b], then
f'(c)=0.

/

— |

i
a x > ¢ <y b
n n

f'(c) =0, But Not a
Min/Max
(Example 4.4.2)

Let f: [-1,1] — R be defined by f(x) = x3 for all x € [-1,1]. It can be
verified using the definition of derivatives that f'(0) = 0; the details
are left to the reader. On the other hand, it is certainly not the
case that f(0) > f(x) for all x € [-1,1], or that f(0) < f(x) for all x €
[-1,1].

Rolle’s Theorem: f(a) = f(b)
(Lemma 4.4.3)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f: [a,b] = R be a function.

Suppose that f is continuous on [a,b] and differentiable on (a,b).
If f(a) = f(b), then there is some ¢ € (a,b) such that f'(c) = 0.

7 f©=0

fa)=f(b)

Note: Rolle’s Theorem is a special case of the Mean Value
Theorem where f(a) = f(b).

Copyright © 2021-2022 by Harold Toomey, WyzAnt Tutor

37



Mean Value Theorem
(Average Slope)
(Theorem 4.4.4)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f: [a,b] = R be a function.
Suppose that f is continuous on [a,b] and differentiable on (a,b).
Then there is some c € (a,b) such that

, fb) - f(a)
frllo=———

—a

[angent #
/

-]
O

' _ f(b) — f(a
fi&)=——". £(b)

b—a .

f(a} ..-H"‘."__ _.--'.'1..:-. . ‘__,.-.‘.. . ) )
RN (OO

b—a

Note: The Mean Value Theorem is a special case of Cauchy’s Mean
Value Theorem where g(x) = x.

Note: The Mean Value Theorem is a special case of Taylor’s

Theorem wheren=0,c=a,andx=b
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Cauchy’s Mean Value
Theorem
(Theorem 4.4.5)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f,g: [a,b] = R be functions.

Suppose that f and g are continuous on [a,b] and differentiable on
(a,b).
Then there is some c € (a,b) such that

[f(b) = f(@]g'(c) = [g(b) — g(@]f'(c).

Cauchy = Mean Value
Theorem

The Mean Value Theorem is the special case of Cauchy’s Mean
Value Theorem (Theorem 4.4.5) where the function g is defined by
g(x) =xforall x € [a,b].

Taylor’s Theorem
(Theorem 4.4.6)

Let [a,b] € R be a non-degenerate closed bounded interval, let c €
(a,b), let f: [a,b] — R be a function and letn € N U {0}.

Suppose that f exists and is continuous on [a,b] for each k € {0,
..., n}, and that f™? exists on (a,b).

Let x € [a,b].

Then there is some p strictly between x and c (except thatp=c
when x = ¢) such that

FED(p)

1 & Sl

‘ (x—o)k+

Parallel Functions
(Lemma 4.4.7)

Let | € R be a non-degenerate interval, and let f,g: | = R be
function.

Suppose that f and g are continuous on | and differentiable on the
interior of I.

1. f'(x) = 0 for all x in the interior of | if and only if f is constant on .
2. f'(x) = g’(x) for all x in the interior of | if and only if there is some

C € Rsuch that f(x) =g(x) + Cforallx € I.

Antiderivative (F’ = f)
(Definition 4.4.8)

Let | € R be an open interval, and let f: | = R be a function.

An antiderivative of f is a function F: | = R such that Fis
differentiable and F’ = f.
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Constant of Integration (+
)
(Corollary 4.4.9)

Let | € R be a non-degenerate open interval, and let f: | = R be a
function.

If F,G: 1 = R are antiderivatives of f, then there is some C € R such
that F(x) = G(x) + Cfor all x € I.

Intermediate Value
Theorem for Derivatives

Let | € R be an open interval, and let f: | = R be a function.

Suppose that f is differentiable.
Let a,b €1, and suppose that a < b.
Letr € R.

(Example 4.4.11)

(Theorem 4.4.10)
If r is strictly between f'(a) and f'(b), then there is some c € (a,b)
such that f'(c) =r.
Let g: R — R be defined by
(1, ifx<1
g(x) # (x) 9(0) = {2, if x> 1.

Then g is not the derivative of any function, because it does not
satisfy the conclusion of the Intermediate Value Theorem for
Derivatives (Theorem 4.4.10).
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Ch. 4.5 Increasing and Decreasing Functions, Part I: Local and Global Extrema

Axiom / Theorem /

Lemma / Definition

f(x) vs. Increasing /
Decreasing / Monotone
(Definition 4.5.1)

Description

Let A € R be a set, and let f: A — R be a function.

1. The function f is increasing if x <y implies f(x) < f(y) for all x,y €
A.

2. The function f is strictly increasing if x <y implies f(x) < f(y) for
allx,y € A

3. The function f is decreasing if x <y implies f(x) 2 f(y) for all x,y €
A.

4. The function f is strictly decreasing if x <y implies f(x) > f(y) for
allx,y € A.

5. The function f is monotone if it is either increasing or
decreasing.

6. The function f is strictly monotone if it is either strictly
increasing or strictly decreasing.

f'(x) vs. Increasing
(Theorem 4.5.2)

Let | € R be a non-degenerate interval, and letf: | > R be a
function. Suppose that f is continuous on | and differentiable on
the interior of I.

1. f'(x) 2 0 for all x in the interior of | if and only if f is increasing on
I

2. If f'(x) > 0 for all x in the interior of |, then f is strictly increasing
on .

3. f'(x) £ 0 for all x in the interior of | if and only if f is decreasing on
I

4. If f'(x) < 0 for all x in the interior of |, then f is strictly decreasing
on .

Example 4.5.3

Letf: — be defined by f(x) =x3 forall x €

The function f is strictly increasing, as seen by Exercise 2.3.3 (1);
that exercise does not make use of derivatives.

However, we know by Exercise 4.3.5 that f'(x) = 3x* forallx € ,
and hence f'(0) = 0.

Therefore Theorem 4.5.2 (2) cannot be made into an “if and only
if” statement.

A similar example shows that Theorem 4.5.2 (4) cannot be made
into an “if and only if” statement.
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Local/Global Extremum
(Definition 4.5.4)

Let AS R beaset, letc € Aandlet f: A — R be a function.

1. The number c is a local maximum of f if there is some 6 > 0 such
thatx € Aand |x - c| <& imply f(x) < f(c).

2. The number c is a local minimum of f if there is some & > 0 such
thatx € Aand |x - c| <& imply f(x) = f(c).

3. The number c is a local extremum of f if it is either a local
maximum or a local minimum.

4. The number c is a global maximum of f if f(x) < f(c) for all x € A.
5. The number c is a global minimum of f if f(x) > f(c) for all x € A.
6. The number c is a global extremum of f if it is either a global
maximum or a global minimum.

Local Min/Max

Let AS R be aset, letc € Aand let f: A— R be a function.

1. If there is some & > 0 such that f|a 5 (c-s, ¢ is increasing and f|a
[, c + 6) is decreasing, then c is a local maximum of f.

(Lemma 4.5.5) ) .
2. If there is some 6 > 0 such that f|a , (c-s,¢ is decreasing and f|a
[, c+ g) IS increasing, then c is a local minimum of f.
. ) Let | € R be anopeninterval,letc€landletf:1 > Rbea
Critical Point ] . .. . e . .
(Definition 4.5.6) function. The number c is a critical point of f if either fis

differentiable at cand f 0 (c) = 0, or f is not differentiable at c.

Extremum - Critical Point

Let 1 € R be anopeninterval,letc€landletf:1 > Rbea

(Lemma 4.5.7) function. If c is a local extremum of f, then c is a critical point of f.
Let f: [-1,1] — R be defined by f(x) = x3 for all x € [-1,1].
Because f'(x) = 3x? for all x € R, then f(0) =0, and hence O is a
Example 4.5.8 critical point of f.

However, as remarked in Example 4.5.3, the function f is strictly
increasing, and therefore 0 is neither a local maximum nor a local
minimum of f.

First Derivative Test
(Theorem 4.5.9)

Let | € R be an open interval, letc €landletf:| = Rbea
function. Suppose that c is a critical point of f, and that fis
continuous on | and differentiable on | - {c}.

1. Suppose that there is some 6§ >0 suchthatx €landc-6<x<c
imply f'(x) = 0, and thatx Eland c < x< c + 6 imply f'(x) < 0. Then
c is a local maximum of f.

2. Suppose that there is some 6§ >0 suchthatx €landc-6<x<c
imply f'(x) <0,andthatx €Eland c<x<c+ & imply f(x) 20. Then c
is a local minimum of f.

3. Suppose that there is some 6 > 0 such that x € I - {c} and |x - c|
<& imply f(x) >0, orthatx € I - {c} and |x - c| < & imply f'(x) < 0.
Then c is not a local extremum of f.
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Let | € R be an open interval, letc €landletf:| = Rbea
second Derivative Test fur?ctlzr}.fSupp(.)ssIthat f is differentiable, that f'(c) = 0 and that f is
(Theorem 4.5.10) twice differentiable ?t c. N

1. If f”(c) >0, then cis a local minimum of f.

2.1f f'(c) <0, then cis a local maximum of f.

(1) Let f,g: R — R be defined by f(x) = x> and g(x) = x* for all x € R.

It is straightforward to verify that f(0) = 0 and g’(0) = 0, and that

f’(0)=0and g’'(0) =0.

Example 4.5.11 Because x* = (x2)2 = 0 for all x € R, then O is a local (and also

global) minimum of g.

As noted in Example 4.5.8, the number 0 is not a local extremum

of f.

(2) Let k: R — R be defined by k(x) = |x| forall x € R.

We saw in Example 4.2.3 (3) that k is not differentiable at 0, and

hence 0 is a critical point of k.

We also saw that k’(x) = -1 for all x € (-0,0), and k’(x) = 1 for all x

€ (0, o).

Because k is not differentiable at 0, we cannot apply the Second

Derivative Test (Theorem 4.5.10) to k at O.

However, the First Derivative Test (Theorem 4.5.9) can still be

applied, and we see that 0 is a local minimum of k, which is just

what we would expect by looking at the graph of k.

Let | € R be an open interval, letc Elandletf:| = Rbe a
Local > Global fu.n.ctlcl)n. S.upp(f):e that f is continuous, and that c is the only
(Theorem 4.5.12) crltlca. point of f. ) . )

1. If cis a local maximum, then it is a global maximum.

2. If cis a local minimum, then it is a global minimum.
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Ch. 4.6 Increasing and Decreasing Functions, Part Il: Further Topics

Axiom / Theorem /
Lemma / Definition

Not Differentiable
(Example 4.6.1)

Description

Let f: R — R be defined by f(x) = x> for all x € R.

Intuitively, we know that the function f is bijective, and hence it
has an inverse function f: R — R, which we write as f"}(x) = Y/x
forall x € R.

Moreover, we know that the graph of ! is obtained from the
graph of f by reflection in the line y = x.

Because f has a horizontal tangent line at the origin, then the
graph of ' has a vertical tangent line at x = 0, which makes it not
differentiable at x = 0.

Bounded Intervals
(Lemma 4.6.2)

Let | € R be a non-degenerate open interval, and let f: | = R be a
function. Suppose that f is strictly monotone.
1. The function f: | — f(1) is bijective.
2. Suppose that f is continuous. Then f(l) is a non-degenerate open
interval, and one of the following holds:
a. If the interval f(I) is bounded, then f(I) = (glb (1),lub f(1)).
b. If the interval f(l) is bounded above but is not bounded
below, then f(l) = (—oo,lub f(1)).
c. If the interval f(l) is bounded below but is not bounded
above, then f(l) = (glb f(l), o).
d. If the interval f(l) is not bounded above and is not
bounded below, then f(l) =

Example 4.6.3

We want to show that the square root function is continuous.
Let f: (0, ) =  be defined by f(x) = x*for all x €

By Exercise 3.5.6 (1) we see that f is strictly increasing, and by
Example 3.3.7 (1) we see that f is continuous.

Exercise 3.5.6 implies that f((0, o)) = (0, o).

It then follows from Lemma 4.6.2 (3) that f%: (0, c0) — (0, o) is
continuous and strictly increasing.

By Definition 2.6.10 we see that f(x) = 3/x for all x € (0, o).

The continuity of this function could also be shown directly by an
€—0 proof, but Lemma 4.6.2 allows us to avoid that.

Inverse Derivatives
(Theorem 4.6.4)

Let | € R be a non-degenerate open interval, and let f: | =~ R be a
function. Suppose that f is differentiable, and that f'(x) # 0 for all x
el

1. The function f is strictly monotone.

2. The function f: | = f(l) is bijective.

3. The function f*: f(I) — | is differentiable.

4. The derivative of f 1 is given by

F17 () = e

fIF1))
for all x € f(l).
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Secant Line
(Definition 4.6.5)

Let | € R be an open interval, leta,b €land letf: | > R be a

function. Suppose thata < b.
The secant line through (a, f(a)) and (b, f(b)) is the function S,p: R

— R defined by

Sap(X) = f(a)

b—x +Fh x—a

b—a I )b —a

forallx € R.

The slope of the secant line through (a, f(a)) and (b, f(b)), denoted
Ma,b, is defined by

_f®) - f@

Map b—a

Function vs Secant Line

Let | € R be an open interval, and let f: | = R be a function. The
following are equivalent.
a.Ifa,b € 1and a< b, then f(x) < Sap(x) for all x € [a,b]

(Theorem 4.6.6) (Function Lies Below Its Secant Lines).

b.Ifa,b,c€landa<b<c, then M,p < My

(Function Has Increasing Secant Line Slopes).
Concave Up Let | € R be an open interval, and let f: | = R be a function. The
(Definition 4.6.7) function f is concave up if either of the two conditions in Theorem

4.6.6 hold.

Theorem 4.6.8

Let | € R be an open interval, and let f: | = R be a function.

1. Suppose that f is differentiable. Then the two conditions in
Theorem 4.6.6 hold if and only if f is increasing on I.
2. Suppose that f is twice differentiable. Then the two conditions in

Theorem 4.6.6 hold if and only if f/(x) = 0 for all x € I.
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Ch. 5.2 The Riemann Integral

Axiom / Theorem /

Lemma / Definition

Definition 5.2.1

Description

Let [a,b] € R be a non-degenerate closed bounded interval.
1. A partition of [a,b] is a set P = {xo, X1, ..., Xn} Such that a = xo < x1
<+ <X,=b, forsomen €N.
2. If P ={Xo, X1, ..., Xn} is @ partition of [a,b], the norm (also called
the mesh) of P, denoted | |P]| |, is defined by

[IP]] = max{X1 = Xo, X2 = X1, ..., Xn = Xn-1}.
3. If P ={xo, X1, ..., Xn} is @ partition of [a,b], a representative set of
Pisaset T={ty, ts, ..., tn} such that t; € [xi_1, x] for alli € {1, ..., n}.

Riemann Sum
(Definition 5.2.2)

Let [a,b] € R be a non-degenerate closed bounded interval, let f:

[a,b] = R be a function, let P = {xq, X1, ..., Xn} be a partition of [a,b]
and let T = {ty, t, ..., tn} be a representative set of P. The Riemann
sum of f with respect to P and T, denoted S(f,P,T), is defined by

S(f,P,T) = Z:;lf(ti)(xi = Xi—1).

#(%)[

w

X; Xi+1 X

Example 5.2.3

(1) f(x) = x2

(2) r(x) = {1 or 0}

Definition of Integrability
(e- 6)
(Definition 5.2.4)

Let [a,b] € R be a non-degenerate closed bounded interval, let f:
[a,b] — R be a function and let K € R. The number K is the
Riemann integral of f, written

fbf(x) dx =K,

if for each € > 0, there is some 6 > 0 such that if P is a partition of
[a,b] with | |P|| < 6, and if T is a representative set of P, then
|S(f,P,T) - K| < €. If the Riemann integral of f exists, we say that fis
Riemann integrable.
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Unique K
(Lemma 5.2.5)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f: [a,b] — R be a function.

If f is Riemann integrable, then there is a unique K € R such that

fbf(x) dx =K.

Example 5.2.6

(1) f(x)=c

(2) g(x) ={7 or 0}

(3) r(x) ={0 or 1}

(4) s(x) = {1/q or 0}

(5) v(x) ={0 or 1}

Exercise 5.2.1

Let [a,b] € R be a non-degenerate closed bounded interval, and
let € > 0. Prove that there is a partition R of [a,b] such that | |R] | <
€.
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Ch. 5.3 Elementary Properties of the Reimann Integral

Axiom / Theorem /
Lemma / Definition

Integration: +, -, k
(Theorem 5.3.1)

Description

Let [a,b] € R be a non-degenerate closed bounded interval, let f,g:

[a,b] = R be functions and let k € R. Suppose that f and g are
integrable.
1. f + gisintegrable and

J:[f + g]l(x)dx = Lbf(x) dx + -ng(x) dx.

2.f-gisintegrable and
b

b b
f[f—g](x)dx=ff(x)dx— g(x) dx.

3. k-fis integrable and

b b
[ wnewar=k [ reoa

4. [ kdx = k(b — a).

Theorem 5.3.2

Let [a,b] € R be a closed bounded interval, and let f,g: [a,b] = R
be functions. Suppose that f and g are integrable.

1.1f f(x) 2 0 for all x € [a,b], then [ £ (x) dx > 0.

2. If f(x) = g(x) for all x € [a,b], then f;f(x) dx > f; g(x) dx.
3. Let m,M € R. If m < f(x) for all x € [a,b], then m(b-a) <
fff(x) dx, and if f(x) < M for all x € [a,b], then f; f(x)dx <
M(b — a).

Integrable 2 Bounded
(Theorem 5.3.3)

Let [a,b] € R be a non-degenerate closed bounded interval, and

let f: [a,b] = R be a function. If f is integrable, then f is bounded.
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Ch. 5.4 Upper Sums and Lower Sums

Axiom / Theorem /
Lemma / Definition

Refinement
(Definition 5.4.1)

Description

Let [a,b] € R be a non-degenerate closed bounded interval, and
let P and Q be partitions of [a,b]. The partition Q is a refinement of
PifPC Q.

Example 5.4.2

The sets P={0,%,1},and Q={0, %, %, %, 1}and R ={0, 1/3, 2/3,
1} are partitions of [0,1]. Then Q is a refinement of P, but R is not a
refinement of P.

Norm of a Refinement
(Lemma 5.4.3)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let P and Q be partitions of [a,b].

1. P U Qs a partition of [a,b], and P U Q is a refinement of each
of Pand Q.

2. If Qis a refinement of P, then | |Q] ]| < | |P]].
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Upper/Lower Sums
(Definition 5.4.4)

Let [a,b] € R be a non-degenerate closed bounded interval, let f:
[a,b] — R be a function and let P = {xo, X1, ..., Xn} be a partition of
[a,b]. Suppose that f is bounded.

1. Foreachi € {1, ..., n}, let Mi(f) = lub f([xi-1, xi]) and m(f) = glb
f([xi-1, xi]). If it is necessary to indicate the partition being used, we
will write MY (f)and m? (f).

2. The upper sum of f with respect to P, denoted U(f,P), is defined
by

UG P) = ) Mi(F) (i = xi0)
i=1

and the lower sum of f with respect to P, denoted

LU P) = ) ma(H) (i = i)
i=1

NOTE: An upper sum of a continuous function, f, takes a point c; in
each subinterval where the maximum value of f is achieved.
A lower sum takes the minimum value of f for each subinterval.

A The upper sum
M =i o st b o o o o e
Mt —
TH e o o o o o oo e o - - b -
a b =
H._/
Axy
A The lower sum
¢ G N i SRS (N S
m-}--
TH e o o o ot oo oo e o - - -
.
-
q b
Axy

Example 5.4.5

(1) f(x) = x2

(2) g(x) ={7 or 0}

(3) r(x) ={1 or 0}
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Lemma 5.4.6

Let [a,b] € R be a non-degenerate closed bounded interval, let f:
[a,b] — R be a function and let P be a partition of [a,b]. Suppose
that f is bounded.

1. If T is a representative set of P, then L(f,P) < S(f,P,T) < U(f,P).
2. If R is a refinement of P, then L(f,P) < L(f,R) < U(f,R) < U(f,P).
3. If Qs a partition of [a,b], then L(f,P) < U(f,Q).

Integrable Equivalents
(Theorem 5.4.7)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f: [a,b] — R be a function. Suppose that f is bounded. The
following are equivalent.
a. The function f is integrable.
b. For each € >0, there is some 6 >0 such thatif Pis a
partition of [a,b] with | |P|]| < §, then U(f,P) - L(f,P) < €.
c. For each € > 0, there is some partition P of [a,b] such
that U(f,P) - L(f,P) < &.

Upper/Lower Integral
(Definition 5.4.8)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f: [a,b] — R be a function. Suppose that f is bounded.

The upper integral of f, denoted f; f(x)dx, is defined by
b
f f(x)dx = glb{U(f, P) | P is a partition of [a, b]},
a

and the lower integral of f, denoted f: f(x)dx, is defined by

b
f f(x)dx = lub{L(f, P) | P is a partition of [a, b]}.
a

Lemma 5.4.9

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f: [a,b] — R be a function. Suppose that f is bounded. Then the
upper integral and lower integral of f always exist, and

Lb flo)dx < L_bf(x)dx.

Proper Integral
(Theorem 5.4.10)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f: [a,b] — R be a function. Suppose that f is bounded. Then fis
integrable if and only if

Lb f(x)dx = L_bf(x)dx,

and if this equality holds then

Lbf(x) dx = Lb f)dx = ff(x)dx.

Continuous = Integrable
(Theorem 5.4.11)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f: [a,b] = R be a function. If f is continuous, then fis
integrable.
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Ch. 5.5 Further Properties of the Reimann Integral

Axiom / Theorem /
Lemma / Definition

g o fis Integrable
(Theorem 5.5.1)

Description

Let [a,b] € R be a non-degenerate closed bounded interval, let D
€ Rbeasetandletf:[a,b] > Randg: D— R be functions.
Suppose that f is integrable, and that f([a,b]) € D.

1. If g is uniformly continuous and bounded, then g > fis
integrable.

2. If D is a non-degenerate closed bounded interval and g is
continuous, then g ° fis integrable.

Example 5.5.2

Let f,g: [0,1] = be defined by f(x) = 1 for all x € [0,1], and g(x) =
(1,ifx=0x, ifx € (0,1]. Then (f/g)(x) = (1, if x =0, 1/x, if x € (0,1].

We know by Example 5.2.6 (1) that f is integrable. The function g is
also integrable, as can be seen by combining Exercise 5.2.6 and
Exercise 5.3.3 (3). However, even though g(x) # 0 for all x € [0,1],
the function f g is not integrable, because integrable functions are
bounded by Theorem 5.3.3, and yet f g is not bounded, a fact that
is evident by looking at the graph of f g, and is proved in Example
3.2.6.

Definition 5.5.3

Let A € R be a set, and let f: A — R be a function. The function fis
bounded away from zero if there is some P > 0 such that |f(x)| > P
forall x € A.

What is Integrable
(Theorem 5.5.4)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f,g: [a,b] = R be functions. Suppose that f and g are integrable.
1. f"is integrable for alln € N.

2. fgis integrable.

3. If g is bounded away from zero, then f/g is integrable.

Absolute Value of Integral
(Theorem 5.5.5)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f: [a,b] — R be a function. If f is integrable, then |f]| is
integrable and

b
< f IF (0l dx

fbf(x) dx

Theorem 5.5.6

Let D € C € R be non-degenerate closed bounded intervals, and
let f: C — R be a function. If f is integrable, then f|o is integrable.

Intermediate Bound
(Theorem 5.5.7)

Let [a,b] € R be a non-degenerate closed bounded interval, let c €
(a,b) and let f: [a,b] — R be a function.

1. fis integrable if and only if f| 5, and f] |, are integrable.
2. If fis integrable, then

fbf(x)dx = fcf(x) dx + fbf(x) dx
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Swap Bounds / Same
Bounds
(Definition 5.5.8)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f: [a,b] — R be a function. Suppose that f is integrable.

Let fff(x) dx be defined by
a b
f fx)dx = —f f(x)dx,
b a
and let f:f(x) dx be defined by

faf(x) dx =0

Split Bounds of Integration
(Corollary 5.5.9)

Let C € R be a closed bounded interval, and letf: C = R be a
function. Let a,b, c € C. If f is integrable, then

fbf(x) dx = fcf(x) dx + fbf(x) dx
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Axiom / Theorem /

Lemma / Definition

Example 5.6.1

Ch. 5.6 Fundamental Theorem of Calculus

Description

(1) Letf: [0,2] = be defined by f(x) = x for all x € [0,2]. Let F:
[0,2] = be defined by

F(x) = ]1 £(8) dt

(2) Let h: [0,2] —
(1,2].

be defined by h(x) = (1, ifx €[0,1] 2, ifx €

Fundamental Theorem of
Calculus Version |
(Theorem 5.6.2)

Let | € R be a non-degenerate interval, leta € land let f: | — R be
a function. Suppose that f|c is integrable for every non-degenerate
closed bounded interval C € I. Let F: | = R be defined by

F(x) = f f(t)dt

forallx €.

Letcel

If fis continuous at ¢, then F is differentiable at c and F’(c) = f(c).
If f is continuous, then F is differentiable and F’ = f.

Continuous 2>
Antiderivative
(Corollary 5.6.3)

Let | € R be a non-degenerate interval, and letf: | > R be a
function.
If f is continuous, then f has an antiderivative.

Fundamental Theorem of
Calculus Version Il
(Theorem 5.6.4)

Let [a,b] € R be a non-degenerate closed bounded interval, and
let f: [a,b] — R be a function. Suppose that f is integrable and f has

an antiderivative. If F: [a,b] — R is an antiderivative of f, then

b
[ reax=r®) - Fe@

Example 5.6.5 (1) Let f: R — R be defined by f(x) = (x> sin 1/x%,ifx#00, if x = 0.
(2) Let h: [0,2] — R be defined by h(x) = (1, if x € [0,1], 2, ifx €
(1,2].
Example 5.6.6 (1) Let g: [0,2] — R be defined by g(x) = x? for all x € [0,2].
1 1
(2) f_lpdx
Sources:

e SNHU MAT 260 - Cryptology, Invitation to Cryptology, 1% Edition, Thomas Barr, 2001.
e SNHU MAT 470 - Real Analysis, The Real Numbers and Real Analysis, Ethan D. Bloch, Springer

New York, 2011.
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https://www.snhu.edu/admission/academic-catalogs/coce-catalog#/courses/NkdqI-8Fe
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