Harold’s Calculus 3
Multi-Coordinate System

Cheat Sheet
29 November 2022

Rectangular Polar/Cylindrical Spherical Parametric
D (r,0) orrcs6 (p.,6,9)
f)=y = psi
(x,7) Polar = Rect. Rect. = Polar x _p Stn ¢ cos 4
( ,y) y =psin¢gsind
ab —
x =71cos6 r2= x%+y? z=pcos¢ Point (a,b) in Rectangular :
=rsin6 = 2 2 t) =
fx 5)D=Z ’ z2=z re_i i -;y 2p_2 z27:|_2+2i_222 ;gtgzg T = (X0, Y0, Zo)
Point 0y, 2) tang =2 = tan ;) pm= y <ab> [a] [x]= [b]
x y = xi+yj+zk
4D tan 6 = (;) t = 3" variable, usually time,
flx,y,2) =w with 1 degree of freedom (df)
(x,y,z,w) b= cos‘1< z >
VX2 + y2 + 22
z
° ¢ = cos! (;)
Slope-Intercept Form:
y=mx-+Db
. y
Point-Slope Form:
Yy = Yo =m(x = Xp)
General Form: r =
o @
W[illt:; iyaZdCB_thO > 1z <x,y>=<Xx0,Y>+t<ab>
0 <x,y>=<x9+at,y,+ bt > o
Calculus Form rcosf X where " =( rort V) X
: <a,b>=<x,—X, Vo — Y > = (X0, Y0, Zo -
_ fG) = f'(@ x+ £(0) 2T 2T +t{a,b,c) la b1 [y] = Tel
Line where m = f’(a) _\7 x(t) = xo + ta b .
3-D: | y(®) = Yo+ tb E [c d] [}’] - [f]
XZ X Y= N _Z27% 8 Ay y,-yi b
a b c . =22 2_Z
Ax x,—x1 a
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Rectangular Polar/Cylindrical Spherical Parametric Vector Matrix
r=r1ry+ sv+tw
a(x — xg)
+b(y — yo) where:
+c(z—2z5) =0 (T('OB’SC (;nitc:z)t ) (o (,Oe,scznitcgl)t ) e sandt rangebover all real
Plane _ (0<6< 2nm (0<6< 2m numoers ne(r—ry) =0
ax +by+cz=d h 46 tak Il where b and. 6 take on all e vand w are given vectors
where d = axy + by, + ¢z, wherer an areona P , . defining the plane
values in their domains values in their domains , )
e 1 is the vector representing the
f(x,y)= Ax+By+C position of an arbitrary (but
fixed) point on the plane
General Equation for All Conics: ) )
General Equation for All Conics:
2 2
Ax® + By + C}; (;I_ bx+Ey+F Vertical Axis olj;Symmetry:
r=— y | ‘ y
where L mecost ‘' >’ t : 't
Line: A=B=C=0 : : ) ——ppe—
Circle: A= CandB =0 Horizontal Axis of Symmetry: '
Ellipse: AC >0 " =1 _"esing ‘
or B2 —4AC <0 .
Parabola: AC =0 a(l--e? 0<e<1 A \
orB?> —4AC =0 where p = I 2d  for { e=1 \ = o \‘\
Hyperbola: AC <0 a(e?-1) e>1 \ \ \ ’k
or B2 —4AC >0 \ ' .
Note: If A+ C = 0, square p = semi-latus rectum
hyperbola or the line segment running from the '
focus to the curve in a direction parallel Circle E"ipse Parabola Hyperbola
Rotation: to the directrix
If B # 0, then rotate coordinate
Conics system: Eccentricity: NA
A-C Circle e=0
cot26 = B Ellipse 0<exl1
x=x'cosf —y'sinf Parabola e=1

y=y'cos@+x'sin0
New = (x,y’), Old = (x,y)
rotates through angle 0 from x-

axis

YJ\

Major axis
R(x1.yl)

Minor axis

Q(x2,y2)

v

Hyperbola e>1

Hyperbola
Parabola e };p| 4

e=10 a=25
a=1.0

Ellipse Circle
e=06

a=25
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Rectangular Polar/Cylindrical \ Spherical Parametric Vector Matrix
Centered at Origin:
X2 +y? =12
2 T2 2 r = a (constant)
x-m"+G -k =r 9 = 6 [0,21] or [0,360°]
5 Generaé Form: Centered at (1, p):
Ax +Bxy+Cji(;|-Dx+Ey+F r2 + 12 — 2rry cos(6 — ¢) = R?
where A=Cand B =0 Hint: Law of Cosines
Center: (h, k) r or
Vertices: NA _ x(t) =rcos(t)+h
=1y cos(f —
Focus: (h, k) o cos(® — ¢) p = constant y(t) =rsin(t) +k
2 _ 22 oin2 — - . =
CirCle y-aXiS + \/a TO sin (9 ¢) 9 — 9 [0' 27_[] [tmln: tmax] [01 27[) NA NA
A ¢ = constant =0 Center: (h, k)
Plr, &) Focus: (h, k)
R
) 57 @)
% 0
g P polar axi
o
x2+y?+z2=r?
(x—h)?+(y—-k)?+(z-1)>
p = constant
Focus and center: 6 = 6[0,2n] Rectangular:
(h k1) ¢ = ¢ [0,2n] Hg A
<
4 (z;e:egaleirgn:z Rectangular to Cylindrical: Rectangular to Spherical: / / z
x*+ By? +Cz 5 Y oo reer S )
+ Dxy + Eyz + Fxz r=yxtty 0 Y (z) Cylindrical:
+Gx+Hy+Iz+]=0 , o = arccos (- ' r cos ()
Sphere where A=B = C>0 Spherical to.CyImdrlcal. B y r = |7 sin (0)
p= riln (9) ¢ = arctan (;) 7
Cylindrical to Rectangular: ¢=¢ )
x =1 cos (6) z =1 cos () Cylindrical to Spherical: Spherical:

y =rsin (6)
z=12z

Spherical to Rectangular:
x =rsinfcos ¢
y=rsinfsing

zZ=rcosf

0 = arctan (B
z
(;[) =

Y

¢

= arccos (

$ = theta /2Pl
I =1 phiP|

rsinfsing
rcos O

rsin@ cos ¢
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Rectangular

Polar/Cylindrical

Spherical

Parametric

Vector

Matrix

_ 2 _ 2
=m0 -R?_

a? b2 1
General Form:
Ax? 4+ Bxy + Cy?> + Dx + Ey
+F =0

where B> — 4AC < 0 or AC >0

Center: (h, k)
Vertices: (h + a, k)
Co-Vertices: (h,k + b)
Foci: (h+ck)

Focus length, c, from center:
2= g2 — p2

Vertical Axis of Symmetry:
_a(1-e?)
re 1+ecosf

Horizontal Axis of Symmetry:
_a(l-e?)
r= 1+tesinf

Eccentricity:0<e <1

ab

9 =
r®) J(bcos 0) + (asin6)?

relative to center (h, k)

- directrices .

focpl parapfeter Latus rectum

Minor axis

i linear eccentricity

Co-vertex

x(t) =acos(t) +h
y(t) =bsin(t) + k
[tmins tmax] = [0, 2]

Center: (h, k)

Rotated Ellipse:

x(t) =acostcos@ —bsintsin6d +h
y(t) =acostsinf + bsintcosd +k

0 = the angle between the x-axis and the

Ellipse major axis of the ellipse
Eccentricity: y’ .
endpoint of Y4
Vaz — p2 ! .
e CoYar— b* : axis
a a Minor axis Major axis
f Q(x2,¥2) R(x1.y1)
If B # 0, then rotate coordinate Aot : Co-vertex
system:
_A-=C veyex Interesting Note: i(
cot 26 = B The sum of the distances from each
x=x"cosO —y'sind focus to a point on the curve is
y=y'cos6+x'sinb constant.
X |d1 + dzl = k
New = (x’,y’), Old = (x, y)
rotates through angle 0 from x-
axis
x(t,u) = acos(t) cos(u) +h
12¢0528 sin®¢p y(t,u) =b cos(t). sin(u) + k
12 2 N2 B — z(t,u) = csin(t) + 1
S = + &=k + =0 r2cos?0 r2sin?0 z? r2sin?0 sin’¢ x—-v)Aa M (x—-v)=1
Ellipsoid 2 b2 2 + +_=1 ittt 4 s
¢ -1 ¢ a? b2 c? b2 [tmin, tmax] = [— E'E] Centered at vector v
= 2,002
w =1 [umin' umax] = [-m, 7]
c

Center: (h, k, 1)
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Rectangular

Polar/Cylindrical

Spherical

Parametric

Vector

Matrix

=2 O —k? _

a? b2 1
General Form:
Ax?*+Bxy+Cy>+Dx+Ey+F

=0

where B2 — 4AC > 0 0r AC <0
IfA + C = 0, square hyperbola
Center: (h, k)
Vertices: (h+ a, k)
Foci: (h+c,k)

Focus length, c, from center:

Vertical Axis of Symmetry:
_a(e?-1)
r= 1+ecosb

Horizontal Axis of Symmetry:
_a(e?-1)
r= 1+esinf

Eccentricity:e > 1

¢ Va?+ b2
where e = E= Y

=secf >1
relative to center (h, k)

Left-Right Opening Hyperbola:
x(t) =asec(t) +h
y() =btan(t) + k
[tmins tmax] = [—¢, €]
Vertex: (h, k)

Alternate Form:
x(t) = xacosh(t) + h
y(t) = bsinh(t) + k

Up-Down Opening Hyperbola:
x(t) =atan(t) +h

Hyperbola c? = a? + b?
P —cos™1 (— l) <6 <cos?! (— 1) y(t) = bsec(t) +k

Eccentricity: e e [tmins tmax] = [—c ]

' Vertex: (h, k)

c m Conjugate Axis Aeprptore
e=—=———=sech

a a Interesting Note: \ Latus Rectum : flternqtehlzogm: .

. The M betWeen the dlstances Transverse Axis F F x(t) = asin t +
# = —
irB#0, ther; ’;Otgiri? coordinate from each focus to a point on the (ae0) 20 T T y(t) = tbcosh(t) + k
Y A—C curve is constant. i 1
cot20 = —— |d, —dy| =k Hyperbola \

, 0 B, o General Form:
x=x"cosO —y'sin )
y=y'cos8 +x'sin0 p = semi-latus rectum x(t) = Atz + Bt+(C

or the line segment running from y(t) =Dt" + E.t +F ]

New = (¥, '), 0ld = (x,y) the focus to the curve in the where A and D have different signs

rotates through angle 6 from x- directions 6 = t %
axis

x-n? G-k @z-D?

a2 + pz 2

=1
Hyperboloid

G G-k (-1

a? b2 c?
=1
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Rectangular

Polar/Cylindrical

Spherical

Parametric

Vector

Matrix

Vertical Axis of Symmetry:
x* =4 py
(x —h)? = 4p(y — k)
Vertex: (h, k)
Focus: (h, k + p)
Directrix: y =k —p

Horizontal Axis of Symmetry:
y? =4px
vy —k)* =4p(x —h)
Vertex: (h, k)
Focus: (h + p, k)
Directrix: x =h—p

Vertical Axis of Symmetry:
ed

r=———
1+ecosf

Horizontal Axis of Symmetry:
ed

r=———
1+esinf

Eccentricity:e =1

axis of symmetry

latus
rectum
" L 5

Vertical Axis of Symmetry:
x(t) = 2pt+ h
y(t) = pt? + k (opens upwards)
y(t) = —pt? — k (opens downwards)
[tmin tmax] = [—¢, ]
Vertex: (h, k)

Horizontal Axis of Symmetry:
y(t) = 2pt+ k
x(t) = pt? + h (opens to the right)
x(t) = —pt? — h (opens to the left)
[tmin' tmax] = [_C. C]

andd = 2p
. Vertex: (h, k
Parabola , Generaé Form: ' directrix (h, )
Ax“+ Bxy +Cy“+Dx+Ey+F Y1, dy=do L )
=0 “ Projectile Motli)n:
2 -
where BAC_ 4,%0 =0 2 x(6) = xo + vyt + (E) a, t?
orAC = ©
focus Interesting Note: y(t) = yo + vyt — 16t feet
If B # 0, then rotate coordinate P The distances from a point on the y() =yo + vyt — 4.9t% meters
system: . curve to the focus is the same as to v, = v cos
A—-C vertex | Ut the directrix. v =vsind
cot 26 = 5 | | y=p 777 directrix - Y
x =x'cos0 —y'sind General Form:
y=y'cosf +x'sinb x=At*+ Bt+C
y=Lt>+ Mt+ N
New = (x’ y’), Old = (x, ) where A and L have the same sign
rotates through angle 6 from x-
axis
AV A N2
Paraboloid (x = h) + &=k = =D

aZ bZ C2
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Rectangular Polar/Cylindrical \ Spherical Parametric Vector Matrix
Sx) 4
Limit lim f(x) =L
X—=C
d
d dr . — @ =7
, C fe+Rh) - fx) d_y_ﬁ_@sm9+ rcos 0 dt(r) r
f1@) = |im h dx dx  dr 90— rsing _
st £ = f(0) dg qocosv—rsin dy 4t o dx Unit tangent vector
Derivati f'(c) = lim——————= —_— ==, provided— # 0 T
erivative x-c  X—C dx dx dt )
, dy , Hint: Use Product Rule for dt 7 (0) _,
frly=2-=y =Dy yfrsinz =mwherer(t)
X =T cos =3
dy Unit normal vector
2 4 (dy d(de) |N®
2nd fn(x) — i(d_y) — d_:)zl — " dzy _ d dy _ do (dX) 2 i(ﬂ) dt d—x T),(t) .
Derivative dx\dx/ = dx dx? a(a) T T dx d’y _ d (dy\ _dt\dx) _ _ \dt/ |= ——2 where T'(t)
=D ax = = = ,
= Dix a0 dx? dx\dx dx dx 7O
dt dt 0
Riemann Sum:
n
- =) O
i
Left Sum:
1
n| f@+r(as)+
=] e
n 2 1
Fundamental Theorem of Calculus: f (a + ;) +o+ f(b— T_l)
{ b
b b b
Integral ’ Middle Sum: [#@de= ([ r@ar. [ g, [ hodn
F(x) = f f() dx = F(b) - F(a) 1 1 3 ; a a a
2 5‘(5)[4“*5)”1(“*5)*“'
+fo -0
Right Sum:
s= @lrar3)+r(asd)
“\n AC n A n
+£)]
b d(¥)
Double Same as rectangular, but
Integral f f fxy) dx dy f(x,y) — f(pcos¢,psing)
a c(y)
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Rectangular Polar/Cylindrical Spherical Parametric Vector Matrix
Triple A Same as rectangular, but Same as rectangular, but
' 6 sin ¢ NA NA NA
Integral fCy,z) dx dy dz X,Yy,2) — cos¢,psing,z f(x,y,.z) - f(pcos )
g 2 o e f(x,y,2) = f(pcos¢p,psing, z) > sin@sing, p cos p)
ify=sin@  thenf®=sin"'y  or 6 =arcsiny
If f(x) = y,then f~1(y) =x if y=cos8  then® =cos™'y  or 6 = arccos y
Inverse if y=tan@ then = tan™1y or 8 = arctany
. Inverse Function Theorem: NA NA NA
Functions 1 e -1 —
F(f (@) = if y=cscb then@® =csc™'y or 8 = arccscy
f'(a) if y=sec8 then @ = sec™'y or 6 = arcsecy
if y=cot6  thenf =cot™'y or @ =arccoty
b
L= 1+[f'(x)]?d Rectangular 2D:
[ VTF TR ax fectangular 20:_
a Polar: dx dy
b= | (@) + (@)
Proof: L f 24 (dr)2 ” J
— T' —_—
As = J(x —x0)? + oV = ¥0)? do
As = J(Ax)? + (Ay)? C =1d = 2nr ; Rectangular 3D:
= 2 2 Wherer = f(0) 2 2 2
L SICECEC K
dx? Circle: dt dt dt b
ds = dx2+dy2<@> L—s—;ﬂe s « L= f |7 ()]l dt
Arc Length Cylindrical: ‘ NA
dy\? Proof: f2 2 2 s(t) = ftll?’(u)ll du
ds = \/dxz + (_x) dx? L = (fraction of circumference) - L = f (ﬂ) + 72 (d_9> + (% 0
. 7 - (diameter) 2 dt dt dt
ds = |dx? <1 + (—y) ) 0 S |
d L= (—) w(2r) =10 Spherical:
21 I =
dy 2 [
ds= [1+|-"—=) dx dpr 2 don 2
: [ oo 2 s
dt dt
= fds iy
|4t
(leyl _ yIIZI)Z + - dS
|yn| ) = |T2 + 2T,2 - TT"l (xIIZI _ anl)z +
= ——— k() = 2 4 123/ O'"x —x"y")? [IXG]
Curvature a1+ y’2)3/2 (re+r'2)/2 NA = K = ” ” (See Wikipedia : Curvature)
2 2 2 3/ F’(t)
forr(8) (x'"2+y'2+2z'4) /2
where f(t) = (x(t), y(t), 2(t)) _I7® x o
7" O
2+b2
Ellipse: C = 2m =
Square:  P=4s 2 e — N
Rectangle: P = 21+ 2w c Ellipse: C = 4a [2V1 — k?sin?6 d6
Perimeter | Triangle: P=a+b+c ~ 7 [3(a+b) —/(Ba+ b)(a+3b)] 5 5 NA NA NA
Circle: C=nd=2nr c b (1+ 3h =(a—b) & kz=<1_b_>
Ellipse:  C =~ m(a+ b) ~m(a+b) m) (a + b)? a?

Copyright © 2011-2022 by Harold Toomey, WyzAnt Tutor




Polar/Cylindrical

Spherical

Parametric

Vector

Matrix

Rectangular
Square: A=5s?
Rectangle: A=Ilw
Rhombus: A=Y ab

Parallelogram: A = Bh

B
1
A= [3lr@rae

whaére r=f(0)

B
A= [ o @ a

where f(at) =xand g(t) =y

. (B1+ By) or
Trapezoid: A=———"==h
2 X(t) = f(t) and y(t) = (¢
Kite: A= % Proof:
Triangle: A =1 Bh Area of a sector: Simplified:
: . _ : 1 B
Trl.angle. . A= 1/z’ab sin(C) A= _[S dr = fr AO dr = =72 A@ dx(t) or or
Area Triangle using Heron’s Formula: ., lenath s = ZAB NA A= fy(t) T dt A= ﬂ |6_ X 6_| du dv NA
A= \/s(s—a)(s—b)(s—c) wnere arc lengin s =r 2 S u
a+b+c 0
where s = — Proof:
Equilateral Triangle: A = Y4\/3s? ?
o=t [ re ax
Frustum: A= %(@) h a .
Circle: A=mnr? y =) =9t
: LA = 2 ;
Clr.cular Sector: A=%r0 i df (t)
Ellipse: A =mab dx = Tdt = f'(t) dt
For rotation about the x-axis: For rotation about the x-axis:
SA = ony ds SA = f2ny ds
Cylinder: SA =2mrh
Cone:  SA=mrl For rotation about the y-axis: For rotation about the y-axis:
Lateral
Surface b SA = f 2mx ds Sphere: SA = 4mr? SA = f 2mx ds NA NA
Area | o) 2nff(x) J1+ [ OO dx
‘ ds= [re+ (L) ao as= (%) +(2)
= 7 T \ae 5= J\at dt
r = f(6), as0<p ifx=ft),y=9gt),a<t<p
Cube:  SA =65’ Ellipsoid: SA ~ r HJHSin[E] bt ot 5in(8]% Cos[p]t+ al cf Sin[0]! Sin[p]f+ ath! Cos[6]! ASA =
Rectangular Box: SA = 2lw + 2wh + PRD 4 gPcP 4 hPcP 1 o o
Total 2hl 4n<a ac C> 2 t bc' FllinticF @ bl af ot EllinticE[S
Surface Regular Tetrahedron: SA = 2bh 3 Ellipsoid: S = o R 1ptick (&, u] + 8 -r 1pticE[S, u]
Area Cylinder: SA =2mr (r+h) Where p ~ 1.6075, bt gt -
Cone:  SA=mr?+mrl=nr(r+1) |Relative Error| < 1.061% U Gl R - rosin[, | 1- = | sazbac
Sphere: SA = 4mr? (Knud Thomsen’s Formula) where bi (af - o) al
For revolution about the x-axis: For revolution about the x-axis: For revolution about the x-axis:
b 5 B 2 b 2 2
dy 5 dr dx dy
A=21 ff(x) 1+ (E) dx | A=2m | rcose |r?+ (E) do A, =21 | y(© (E) + (E) dt
a a a
Surface of Sphere: S = 4mr? NA NA
Revolution

For revolution about the y-axis:

b 2
A=2 J 1+(d_x) d
=2m | x & y
a

For revolution about the y-axis:

B 2
A=2 J n o 2+(dr) do
= 4Tt rsin T —_
a0

a

For revolution about the y-axis:

‘ dx\*  rdy\®
= x0 (5 + ()

a
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Rectangular Polar/Cylindrical Spherical Parametric Vector Matrix

Cube: V=53

Rectangular Prism: V = lwh
Cylinder: V = r*h
Triangular Prism: V= Bh
Tetrahedron: V=% Bh

Pyramid: V =% Bh psingcoso, Ellipsoid:
Cone: V=% Bh =% nr*h ffjf(rcos@,rsin@,z)r ffff psing sin@, psoid:

Volume 5

4
dz dr do pcos @ V= §n1/det(A‘1)

Sphere: V = tor
3 .. p?sing dpde db

Ellipsoid: V = % mabc

ffff(x,y,z)dxdydz

Disk Method
V A y
b

= f (area of circle) d(thickness)
a

Disk of Rotate

volume
dVv

Rotation about the x-axis:
b

V= f 7 [f (0)Pdx

A P4

a
Rotation about the y-axis:
d

V= fnxzdy

c

Washer Method

Rotation about the x-axis:
b

Volume of V' = Vouter pisk = Vinner pisk

Revomtion | V= [ 7 (1FGOP = [9GP?) dx

a

Shell Method

4
b

= f (circumference) (hight) dx

a

} 27X} -
f(x7)| ax

/ Cutline

Rotation about the y-axis:
b

V= f 2nx f(x) dx

a

Rotation about the x-axis: ‘
d =

V= f 2ry g(y) dy @ (b) © @ ()

c
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Rectangular Polar/Cylindrical \ Spherical Parametric Vector Matrix
N
a
Moments 1= z:m-r-2 =f mr?dr Qe
of Inertia i=1 o 0 NA NA = f J. f p(r) d(r)? dv(r) (see Wikipedia)
4
; 3D for Continuous:
1 N 2D for Ié)iscrete: 3D for Dzscrete o l Mx . 1 ]
R=—Zm-r- — = Z M =—frm
M £ i M, = zmi % Xem =% =47 m; x; . 0, M
Center of where M = YTIL m; i1 " y=o: | ydm 1
Mass M _Z _ J’cm=}’=_zm13’z 1 o =Mﬂ.fp(r)rdV
1D for Discrete: X iy M i=1 Z=— | zdm v
_myxg +myx; T M 1 & M J, Where 1 is distance
Xem = m; +m, X = —y, y= X Zem =27 = i Z m; z; where M = fOM dm from the axis of
M M im1 and dm = p dz dy dx rotation, not origin.
(V£G0) e v = Dyf (x)
af 10f Vf(r,6,¢) =
_ of  of  of Vilp,d,z) = a— +B£e¢
Gradient Vf al+@]+£k of ge +lge . 1 ﬁe — afi e
t35,6 ar " rae ° rsinoap ¢ ax; )
where f = (f1:f2:f3)
Line b f F@y e dr
Integral f fds= f fFr@®)r' @) dt NA NA b
c a = f F(r(t)) e« r'(t) dt
a
f fds = 1
s —
ox 0x f v edS=
= ox = s
f fT F(x(s,0) | = 6t| ds dt
Where x(s,t) = j
5 n)ds =
Surface (x(s, 1), ¥(s,0),2(s,1)) - | s(v ™
NA NA l .
Integral and i : Y
o) | e
c’)x ax) ds di
D (55 % 70) s

(a(y. z) 0(z,x) 0(x,y) )
a(s,t) ' 9(s,t) " (s, t)
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